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Abstract

Ideals of subsets can be used in a theory of ideal topological spaces, which
generalizes classical topological concepts. Several notions of continuity and related
mappings have been studied in ideal spaces, but there is the need for a unified
definition of mappings by ideal sets, which is not using the notion of continuity. In
this paper, several kinds of mappings between ideal spaces are introduced and
investigated: ideal contrast mappings, ideal exhaustive mappings, and ideal
correspondence mappings. Further, the notion of mappings which are ideal continuous
is also taken into consideration, and ideal homeomorphisms are described with the
help of the inftroduced mapping properties. The basic goal is to build basic
relationships between these mappings and to determine sufficient conditions for the
preservation of their properties. Various propositions and theorems are set up such
as characterizing ideal homeomorphisms with bijective-ideal correspondence
mappings. The results show that the concepts infroduced here offer a systematic
way of studying mappings between ideal spaces, while only the ideal structures
related to the sets on which they operate are needed. The results are used to
advance the theory of ideal topological spaces, and serve as a basis for further
studies of generalized mappings and structural relationships between ideal spaces.
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1. Introduction

The theory of ideal topological spaces gives
an important framework in which o extend
classical topological structures considering
distinguished families of subsets, which are
hereditary and finite additive. Kuratowski
developed this concept of an ideal, and
Vaidyanathaswamy the localization theory
relating to ideals. Later, Jankovic and
Hamlett introduced significant ideal induced
topologies and Hayashi and others studied
the local properties and compactness in the
ideal topological spaces [1-6]. These basic
developments served as a foundation for the
study of generalized openness, continuity
properties, separation properties,
compactness and related operators in ideal
topological spaces.

Research on ideal topological spaces has been
continued in recent years fo the generalized
open sets, the properties of continuity and
new set-theoretic operators. Boonpok and
Sama-Ae studied submaximality,
connectedness and 8pI-continuous mappings
in ideal spaces which shows the ongoing
importance of generalized continuity in this
field [7]. Almuhur, et al. investigated ha-
almost-weakly continuous functions and
other properties of ha-open sets, one of the
properties of generalized openness and
continuity in ideal spaces [8,9]. Kong-ied et
al. gave a unified theory of near continuity
for mappings between ideal topological
spaces and bitopological spaces [10].
Giildirdek and Agikgoz have studied
idealisation of h-open sets from the point of
view of inferior operators and continuity
properties as well [11]. Other recent studies
have brought about new set-operators, hr -
open sets, and new dimensions connected to
ideal topological spaces [12-14].

Ideal topology is one of the important
directions of the study of mappings and
continuity. In recent investigations [15-19]

fuzzy ideal continuous mappings and
applications of fuzzy open sets related fo
ideals in ideal topological spaces and various
classes of continuous functions in ideal
topological spaces have been studied.
Njamcul and Pavlovi¢ included several types
of continuity and their corresponding
interpretation in ideal topological spaces [17]
and Abdulraouf and Abd Al-Zhara looked at
continuity of functions in ideal topological
spaces [20] with several types of continuous
functions. The results of these studies
suggest that generalized mapping and
continuity structures are still a field of
study.

Although these advances have been made,
the relationships of mappings that are
explicitly given by the ideal subsets of the
domain and codomain have not been
sufficiently unified. Specifically, it is still
needed to have a systematic description of
complementary directional relationships
between ideal subsets without using any
other structures than the related ideals.
This gives the impetus for the present study.
For this reason, this paper proposes and
explores three kinds of mappings between
ideal spaces, namely ideal contrast mappings,
ideal exhaustive mappings and ideal
correspondence mappings.

An ideal contrast mapping is an ideal relation
from ideal subsets of the codomain to ideal
subsets of the domain and an ideal
exhaustive mapping is an ideal relation from
ideal subsets of the domain to ideal subsets
of the codomain. An ideal correspondence
mapping is a combination of these two
opposing properties. The relationships
between their relationships with ideal
continuous mappings and with ideal
homeomorphisms are then explored.

It is the tasks to formulate the propositions
and  theorems that describe  the
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relationships between these concepts of
mapping, such as between the bijective ideal
correspondence mappings and the ideal
homeomorphisms, which are the main
contribution of this work. The properties of

maps. Therefore, the study gives a brief
description of the formal structure for
mapping between ideal spaces by direct
mapping between the ideal subsets of these
spaces.

the introduced properties are also explored
under injective, surjective and bijective

2. Preliminaries

Definition 2.1 [1]: A collection subset T of a given set X is rumored that an ideal on X if these
conditions are holds:

1. Hereditary property: If AisinT and BE A , implies Bisin T.
2. Finitely additive property: If Aand B arein T implies A U BinI.

Any subset of T is said to be an T -set, also (X, T) is said to be an ideal space. An ideal T is
described as properif X & T.

Example 2.2 [3]: Each of the following are examples of ideal:

T = {¢}

T =PX).

T rin (all subsets are finite sets in X).

X . (all subsets are countable sets in X).

¥, (all subsets are nowhere dense sets in X).

A e

Proposition 2.3 [6]: Let F: X = Y be an injective map and ¥ be an ideal defined on X.
Implies F(X) ={F(A): A € T}isanidealonY.

Proposition 2.4 [6]: - Let F: X’ — Y be an onto mapping and T be an ideal defined on Y, then,
FYT)={F1(B): B € T}isanideal on X.

3. Results
Definition 3.1: For two spaces X and Y, a mapping F:(X, T ) - (Y,T) is named ideal
contrast if, for each I -set A of X', we can find T-set B in Y such that F(A) = B.

Example 3.2: Let X ={1,2,3}, [ ={0,{1}},Y ={a, b, ¢} and T = {0, {b},{c}, {b, ¢}}. If
F: (X, T)—> (Y,T) definedas : F(1) = b, F(2) =a and F(3) =a . Clearly, F is ideal
contrast.

Definition 3.3: let F: (X, Tx) = (Y, Ty) be any mapping. F is an ideal exhaustive if for each
Jy-set B, there exists an T -set A , such that F(A) € B.

Note that, in the above definition, if F is onto then F(A) = B.

Example 3.4: Consider example 3.2, F is not ideal exhaustive. Since {3} € T and there is no
subset A in T such that F(A) = {3}.

Definition 3.5: A mapping F: (X, Tx) = (Y, Ty) is named an ideal correspondence if F is
ideal contrast and ideal exhaustive.

Theorem 3.6: If F:(X, Tx) — (Y, Ty) isideal correspondence, implies F(Tx ) = Ty.
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Proof: Let F(A) € F(Tx) then € Tg . but F is an ideal correspondence then F is ideal
contrast. So, there exist B € Jy ,where F(A) = B which implies that, F(A) € Ty. That is
F(Zx) c %y,

Conversely, let B € T since F is ideal totality, then there exist A € T for which, F(A) = B
but F(A) € F(T) then B in F(T). Hence, T < F(T).

Thus, F(Z) =T

Definition 3.7: A function ¢ : (X, Tx) — (Y, %) is named ideal continuous if for any x €
X and for any Ty-set B such that, §p (x) € B, there exist Ty-set A such that x € A and B

b (A).

Theorem 3.8: In the bijective ideal continuous mapping F: (X, Tx ) = (Y, Ty) , the inverse
image of any Jy-set is Ty -set.

Proof: Let F be onto ideal continuous mapping andB € Ty.

If B =@, then F~1(B) = @ which is an Ig-set. If B # @ implies for any y € B, but F is
surjective , we can find x in X where y = F(x),but F~1(y) € F71(B)so, F(x) € B.Now,
but F is ideal continuous, x € X and F(x) € B, hence there exist H € Iy such that x € H
and B ¢ F(H) implies F ~1(B) c H and by assume Iy is an ideal, we get that, F~1(B) is
T -set.

Definition 3.9: Let §: (X, Tx) - (Y, 7) be a function, we say that ¢b is ideal
homeomorphism if F is bijective and each of ¢f, 6 F~1 is an ideal continuous.

Theorem 3.10: A one to one and onto mapping F:(X, Tx) - (Y, Ty)is ideal
homeomorphism if F is ideal correspondence.

Proof: Let F is ideal homeomorphism, to prove that F is ideal correspondence, let A be any
T -set, so, because F~1: (Y, Ty) — (X, ) is ideal continuous, then (F~1)71(A) € Ty.
But, F is injective and onto then F(A) = (F1)71(cA) and hence, there exist B € Ty such
that F(A) = B. Hence, we obtain that F is ideal contrast.

Now, let B is Jy-set, but F is ideal continuous, then by theorem 3.8, F~1(B) is I -set. Let
F1(B) =A for some Tx-set A, by assume F is injective and onto then F(A) =
F(F~X(B)) =B, so F is ideal exhaustive.

Conversely: Let F is ideal correspondence to prove F is ideal homeomorphism, we need to
prove F and F 1 are ideal continuous.

Let x € X and B € Ty such that F(x) € B. To prove that there exist A € Tx,x € A and
B c F(A).

By assume F is ideal exhaustive, we have T -set U in X satisfy F(A) = B, if x & A, then
F(x) & F(A) thatis, F(x) € B which is a contradiction. Hence, x € A.

Thus, F is ideal continuous.

To prove F~1: (Y, Ty) = (X, I)is ideal continuous. Let y € Y and A € Ty such that,
F~1(y) € A . Since F is ideal contrast then there is a Ty-set B in Y such that F(A) = B and
hence, F~1(F(A)) = F~1(B). but F is one to one and onto, then A = F~1(B).

Ify € B, hence F~1(y) ¢ F~1(B)and then F1(y) & A which is contradiction.
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Then F~1(y) € F~1(B) thatis, y € B

Sothereisa Jy-setBinY,y € B and F~1(B) = A . Hence, F~1is ideal continuous.

Thus, F is ideal homeomorphism.

Proposition 3.11: Let F: (X, Tx) — (Y, Ty) is injective correspondence, implies F ~1(T5) =

Tx

Proof: - Let F~1(B) € F~1(Jy) then B € Ty, but F is ideal totalitarianism, then we can find
A € ITx ,where B = F(A). By assume F is injective then F~1(B) = F1(F(A)) = A

,hence, F~1(B) € Iyx. That is, F~1(Ty) c Tx.

Now, let A € Ty and since F is ideal contrast then there exists B € Ty, such that B = F(A).
By assume F is injective then F~1(B) = F 1(F(A) = A.

Since B € Ty then F~1(B) € F~1(7y) and hence, A € F~1(Ty). That is, Ix € F~1(T5).

Thus, T_l(Ty) = zx.

4. Discussion

The outcome of this research will give a
common language for describing the
connections between ideal spaces via the
connection between their corresponding
ideal subsets. The ideal mapping that occurs
in the direction of ideal contrast and ideal
exhaustive mapping are complementary
directions of interaction between the ideal
structure of the domain and the ideal
structure of the codomain, and a combination
of these two directions of interaction
defines the ideal correspondence mapping.
This method gives a more comprehensive
structural view of the mappings between
ideal spaces other than merely continuity and
complements the earlier studies on the
generalized  continuity and  mapping
properties in ideal topological spaces [15,17,
20].

The findings related to the ideal continuity
provide an important link between the
concepts of mapping introduced and the
current continuity structures. In the ideal
topological spaces, generalized continuity,
fuzzy ideal continuity and related continuity
classes are very important concepts, which
have been highlighted recently [15,17,20]. In

this paper, Theorem 3.8 proves, under the
above bijective conditions, that the inverse
image of an ideal subset is also an ideal
subset. This result is one of the first that
establishes a direct link between the
proposed mapping framework and the
behavior of ideal subsets under continuous
mappings.

One of the main findings of this study is that
of Theorem 3.10, which relates ideal
correspondence and ideal homeomorphism in
one-to-one and onto mappings. The result
shows that the two direction properties
which make an ideal correspondence do is
necessary condition to give the structural
conditions  needed for an  idedl
homeomorphism. This is a continuation of the
general  theme of  Continuity and
Homeomorphism-type in ideal topological
spaces [15,17,20]. Proposition 3.11 also gives
more conditions on the relationships between
the corresponding ideal subsets for being
injective.

The proposed framework is also in line with
recent developments on generalized open
sets [8, 10, 12, 14] and set-operators [9, 11,
13] and continuity structures in ideal
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topological spaces [10, 12, 13, 14]. These
studies illustrate the possibility of building
and describing generalized topological
properties by means of relations between
sets of ideals. The theme of the present
work is instead the one of the directions
between ideal subsets, based on the new
concepts of ideal contrast, ideal exhaustive
and ideal correspondence mappings.

The results indicate, overall, that ideal
contrast, ideal exhaustive and ideal
correspondence mappings are complementary
tools to study the relationship between ideal
spaces. The proposed framework can provide
a starting point for the study of other
homeomorphism-type properties of
compositions, generalized continuity and

others for ideal topological spaces.

5. Conclusion

Three types of mappings were introduced
and studied in this study; ideal contrast,
ideal exhaustive and ideal correspondence
mappings. These results show that these
ideas are complementary in describing the
relationships between the ideal subsets of
the domain and codomain. Specifically, the
notion of ideal exhaustive is combined with
the notion of ideal contrast in the notion of
ideal correspondence.

The study also inftroduced relationships
between  the  concepts of  ideal
correspondence, ideal continuity and ideal
homeomorphism. It is observed that the new
mapping properties could be used to describe
some important structural relationships
between ideal spaces, in suitable injective,
surjective and bijective cases. In particular,
it is proved in Theorem 3.10 that a bijective
mapping is an ideal homeomorphism which
satisfies ideal correspondence property,
thus a direct relation between the newly
infroduced mapping concept and ideal
homeomorphism is provided.

The proposed structure is an extension of
the investigation of mappings in ideal
topological spaces, but has a more direct look
at the relationship between the ideal
structures associated with the mapping. The
results are related to the ones obtained in
previous research performed in the area of
generalized continuity, ideal open sets and
related operators [8-20]. The results
obtained will serve as a foundation for
further research in the field of generalized
mappings,
properties and

compositions, continuity
homeomorphism-type

structures in ideal spaces.
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    𝔗  𝕏  


   ℱ  − 1 ( ℬ )


    𝔗  𝕏  


  ∯ :  ( 𝕏 ,       𝔗  𝕏   ) →


   ( 𝕐 ,       𝒯  𝕐 )


  ∯


  ℱ


  ∯


    ∯ ℱ  − 1


  ℱ :  ( 𝕏 ,       𝔗  𝕏   ) →


   ( 𝕐 ,       𝒯  𝕐 )  


  ℱ


  ℱ


  ℱ


  𝒜


    𝔗  𝕏  


   ℱ  − 1   :  ( 𝕐 ,       𝒯  𝕐 ) → ( 𝕏 ,       𝔗  𝕏 )


  (    ℱ  − 1 )  − 1 ( 𝒜 ) ∈   𝒯  𝕐


  ℱ  


  ℱ  ( 𝒜 ) = (    ℱ  − 1 )  − 1  ( 𝒜 )


  ℬ ∈   𝒯  𝕐


  ℱ  ( 𝒜 ) = ℬ .


  ℱ


    ℬ


    𝒯  𝕐


  ℱ


   ℱ  − 1 ( ℬ )


    𝔗  𝕏  


   ℱ  − 1  ( ℬ ) = 𝒜


    𝔗  𝕏  


  𝒜


  ℱ


  ℱ  ( 𝒜 ) = ℱ  (  ℱ  − 1  ( ℬ ) ) = ℬ


  ℱ


  ℱ


  ℱ


  ℱ


   ℱ  − 1


  x ∈ 𝒳


  ℬ ∈   𝒯  𝕐


  ℱ  ( x ) ∈ ℬ


  𝒜 ∈   𝔗  𝕏   ,   x   ∈ 𝒜  


  ℬ ⊂ ℱ ( 𝒜 )


  ℱ    


      𝔗  𝕏  


  U


  𝒳


    ℱ  ( 𝒜 ) = ℬ


  x ∉ 𝒜


  ℱ ( x ) ∉ ℱ ( 𝒜 )


  ℱ  ( x ) ∉ ℬ


  x ∈ 𝒜 .


  ℱ


   ℱ  − 1   :  ( 𝕐 ,       𝒯  𝕐 ) → ( 𝕏 ,       𝔗  𝕏 )


  y   ∈ Υ


  𝒜 ∈   𝔗  𝕏


   ℱ  − 1  ( y ) ∈ 𝒜  


  ℱ


      𝒯  𝕐


  ℬ


  Υ


  ℱ  ( 𝒜 ) = ℬ


   ℱ  − 1 ( ℱ ( 𝒜 ) ) =  ℱ  − 1 ( ℬ )


  ℱ


    𝒜 = ℱ  − 1 ( ℬ )


  y ∉ ℬ ,       hence    ℱ  − 1  ( y ) ∉  ℱ  − 1  ( ℬ ) and   then    ℱ  − 1 ( y ) ∉ 𝒜


   ℱ  − 1  ( y ) ∈  ℱ  − 1 ( ℬ )  


  y   ∈ ℬ


          𝒯  𝕐


  ℬ


  Υ


  y   ∈ ℬ


   ℱ  − 1  ( ℬ ) =   𝒜


     ℱ  − 1


  ℱ


  ℱ :  ( 𝕏 ,       𝔗  𝕏   ) →


   ( 𝕐 ,       𝒯  𝕐 )


   ℱ  − 1  (   𝒯  𝕐 ) =   𝔗  𝕏


   ℱ  − 1  ( ℬ ) ∈  ℱ  − 1  (   𝒯  𝕐 )


  ℬ ∈   𝒯  𝕐


  ℱ


  𝒜 ∈   𝔗  𝕏


  ℬ = ℱ ( 𝒜 )


  ℱ


     ℱ  − 1  ( ℬ ) =  ℱ  − 1  ( ℱ  ( 𝒜 ) ) = 𝒜


   ℱ  − 1 ( ℬ ) ∈   𝔗  𝕏


   ℱ  − 1 (   𝒯  𝕐 ) ⊂   𝔗  𝕏


  𝒜 ∈   𝔗  𝕏


  ℱ


  ℬ ∈   𝒯  𝕐


  ℬ = ℱ ( 𝒜 )


  ℱ


     ℱ  − 1  ( ℬ ) =  ℱ  − 1 ( ℱ  ( 𝒜 ) = 𝒜


  ℬ ∈   𝒯  𝕐


   ℱ  − 1 ( ℬ ) ∈  ℱ  − 1 (   𝒯  𝕐 )  


  𝒜 ∈  ℱ  − 1 (   𝒯  𝕐 )


    𝔗  𝕏 ⊂  ℱ  − 1 (   𝒯  𝕐 )


   ℱ  − 1  (   𝒯  𝕐 ) =   𝔗  𝕏

