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ABSTRACT

In this paper, we study B-compactness and present a new class of compactness in ideal
topological space, viz. Bpl-compact spaces, by utilizing the notion of B-open sets. We also
present some basic properties and characterizations of the generalized forms of Bpl-com-
pactness and the effect of some different types of functions on them.

1. Introduction

The concept of ideal in topological space was first
studied by Vaidyanathaswamy (1945) and Kuratowski
(1966). It was widely studied by Jankovic and Hamlett
(1990). Since then, many researchers in the field of
General Topology are using ideal to generalize funda-
mental concepts in General Topology, such as compact-
ness, Lindeloofness, connectedness, Hausdorffness,
etc. Newcomb (1967) was the first to introduce the
idea of compactness in an ideal topological space and
it has been studied and by Racin (1972). Thoroughly,
the concept was examined by Hamlett and Jankovic
(1990). Thereafter, different classes and strong forms
of compactness modulo an ideal have been introduced
and studied. Gupta and Kaur (2014) studied and dis-
cussed properties of I-compact spaces. They also gen-
eralized some of the results in compact spaces, in terms
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of [-compact spaces. Hamlett et al. (1991) presented
and studied countable compactness with respect to
an ideal. Abd El-Monsef et al. (1993) used the concept
of semi-open sets and introduced SI-compactness in
ideal topological spaces. Nasef (2001) introduced
another generalized concept

of I-compact spaces via the notion of y-open sets
called yl-compact spaces. Abd El-Monsef et al. (1983)
initiated the study of B-open sets in topology, and
the analogous notion of semi-preopen set was given
exclusively by Andrijevic (1986) and was additionally
examined by Ganster and Andrijevic (1988). More
applications and backgrounds of B-open sets were
discussed by Caldas and Jafari (2009). The aim of this
paper is to utilize the notion of B-open sets to examine
B-compactness and introduce some types of compact-
ness modulo ideal called Bpl-compact. Throughout
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this paper, (X, 7) and (Y, 6) (or simply X and Y) always
mean topological spaces on which no separation axi-
oms are assumed unless explicitly stated. For a set A
C X, cl (4), int (A), and X\A denote, respectively, the
closure, interior, and the complement of A in (X, 7), and
p(A) denotes the power set of A. The set U_denotes
the set of all open neighborhoods of x in a topological
space (X, 1).

2. Preliminaries

Definition: 2.1 An ideal I on a topological space (X, 1)
is a nonempty collection of subsets of X such that if:

i) Aeland BCA, then Be] (heredity).
ii) Aeland Bel, then (AUB)€l (finite additivity).

An ideal topological space (or simply ideal space)
denoted as (X, 7, I) is a topological space (X, T) with an
ideal I on X. An ideal I in a topological space (X, 1) is
said to be:

i) Codense (Dontchev et al., 1999), t-boundary
(Newcomb, 1967), and (Jankovic and Hamlett,
1990), Hayashi-Samuel (Dontchev, 1996) ideal
if I nT={¢}.

ii) o-ideal if it is countably additive (Jankovic and
Hamlett, 1990).

iii) Compatible with 7, denoted by I ~ 7, if for each
ACXand each a€A, there exists UeU, such that
if (UnA)el, then A€l (Jankovic and Hamlett,
1992).

Definition: 2.2 Given an ideal space (X, 7, [) and a
subset 4 of X, a set operator (.)*: P(X) —»P(X) called a
local function of A with respect to 7 and [ is defined
to be the set A*(I, 1) = {x € X: (AnU) ¢ I, for every
U €U }. The Kuratowski closure operator CI*(.)
for a topology t*(/, 7), called the *-topology, finer
than t, is defined by CI*(4) = AuA*(l, 7). Where no
confusion will arise, we write A* for A*(/, t) and t*
for t*(I, ). For an ideal topological space (X, t, I),
the collection {U\A: U € T and A € [} is a base for
T*. A subset A of X is said to be t*-closed if A*C A
(Jankovic and Hamlett, 1990). A subset A of X is said
to be t*-perfect if A* = A and it is said to be 7*-dense
if A € A* (Hayashi, 1964).

Example: 2.3 For a given topological space (X, 1), the
following are some of the important ideals on (X, 7):
1={¢},[.={A € X: Alisfinite },1 ={A € X: Ais countable }, p(X),
and P(U) ={A € U: U € X} for any given subset U of X.

Lemma: 2.4 If [ and J are ideals on a topological space
(X, 1), then the following hold:

a) Inj={A:A€land A€/} is anideal on X.

b) IvJ={AuB: A€l and Be€jJ} is an ideal on X
(Jankovic and Hamlett, 1990).

Lemma: 2.5 If ] and J are ideals on a topological space
(X, 1), then IA] = {AnB: A€l and B€]J} is an ideal on X.

Proof

i) FEelnJandFCE = FCE=AnBforsomeAcland B€]
=1A CAand 3B, CBsuchthat F=A nB, € E=AnB.
NowA CAand B,CB = A €land B, €]. Hence, F=A,
NB, for some A €land B, €/, i.e, FEIA].

ii) E€IA] and Fe€IA] =E=AnB, and F=A,nB,

=ECA,, ECSB, and FCA, FCcB, for some
A A€l and B;B,€] = EUFCA UA =A, and
EUFCSB UB,=B, for some A,€l and B,€]. Hence,
EuFelA].i.e. EUF=G for some Gl and G€J.

Lemma: 2.6 In] = IA].

Proof AcIn] =2 A€l and A€] =2AnA=AciA]J.

Conversely, A€IA] =A=EnF for some E€l and FeJ

= ACE €land ACFe] = A€l and A€] =A€ln].

Lemma: 2.7 a) I AJ € Iand IA] S/ b) IC]Vv]and JSIV].

Proof

a) Ae€lA] =A=EnF for some E€l and Feg] =
ACEe] =A€l

b) Let A€l, then VBe], ACAUBEIV]. Now, V] is
an ideal, AUB€lV], VBe€], and AS(AUB), and
VBe] =A€lv].

Definition: 2.8 A subset A of a space (X, 1) is said to
be (-open (Abd El-Monsef, 1983) [pre-semi-open
(Andrijevic, 1986)] if A < cl (int(cl(4))). The comple-
ment of a -open set is called a (3-closed set. The col-
lection of all -open sets in a topological space (X, 7) is
denoted as BO(X, 7).

Definition: 2.9 The B-closure of A4 is the intersection
over all B-closed sets containing A and is denoted by
Bcl(A). The B-interior of A is the union over all -open
sets contained in A and is denoted by Bint(4).

Lemma: 2.10 For a topological space (X, 1), the follow-
ing hold:

a) Tt<po (X1).
b) PO (X,7) is closed under arbitrary union.

¢) BO (X1) < BO (X,
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Proof

a) (X,7)isatopological space and Aet =ACcl(4)
=A=int(cl(A)) = A<cl(int(cl(4)))
=4 €BO(X,1).
b) Consider the collection {4,:acA} and let
A, € pO(X,1),YaeA. Then, A, ccl(int(cl(A))),
VaeA.and |4, c|Jlcl(int(cl(4,)))]

aeA

< ellJ Gint(el(4, M) < ellint(|J (el(4,)) <

ael ael

cl(int(el(| ] 4,)))-

aeA

Setting 0= J 4, we have Q c cl(int(c/(Q))).

aeA
c) t* is finer than 1, ie,
BO(X,T)SBO(X,TY).

Remark: 2.11 By (a) of Lemma 2.10 t€p0(X, 1) =
every open set is B-open = compliment of every open
set is B-closed = every closed set is 3-closed.

Definition: 2.12 A subset A of an ideal space (X, 7, I)
is said to -open with respect to I (or fl-open) if there
exists an open set U such that

i)  (U\A)el and
ii) (A\ cl(int(cl(1)))) €l (Catalan et al., 2019).

Definition: 2.13 A subset A of an ideal space (X, 7, I)
is said to be generalized closed with respect to ideal I
(briefly Ig-closed) if and only if (cl(4)\U)€l, whenever
ACU and Uert (Catalan et al., 2019).

Definition: 2.14 A subset A of an ideal space (X, 7, I) is
said to be Ig[3-closed if and only if (cl(4)\U) €1, when-
ever ACU and UeBO(X,1).

Definition: 2.15 A subset A of a space (X, 1) is said
to be generalized B-closed (gB-closed) if Bcl(4)<U,
whenever ACU and UeB0(X,1).

TCt* implies

Lemma: 2.16 Every gf3-closed set in an ideal space (X,
7, {0}) is {¢}gB-closed.

ProofLet (X, 7,{¢}) beanideal space and A be gf3-closed
and ACU, UefO(X,t). Now, ACU implies A\U = ¢€{¢}
and A is gB-closed = (Bcl(A)\U)el={¢p}= Bcl(A)cU.
Hence, A is {¢}gfB-closed.

Corollary: 2.17 Every gf3-closed set in an ideal space
(%, 7, p(X)) is p(X)gB-closed.
Definition: 2.18 A function f:(X,r) — (¥,9) is said to
be:

a) P-irresolute, if VU € pO(Y,8), f'(U) € BO(X,7)

b) Mg-open, if VU e BO(X,7), f(U)e BOY,0)
(Mahmoud and Abd EI-Monsef, 1990).

Lemma: 2.19If f:(X,7) —> (¥,9) is B-irresolute surjec-
tion and I is an ideal on X, then

a) J={AcY:f'(4)el} isidealon}.
b) f()={f(4):4el}isideal onY (Newcomb, 1967).

Lemma: 2.20 If f:(X,7) > (Y,5) is MB-open injection
andJisanidealonY, then f'(J)={f""(4): 4eJ}isideal
on X (Mahmoud and Abd El-Monsef, 1990).

Definition: 2.21 A topological space (X, ) is said to be:

a) B-Hausdorff or (87,)-space if given any two dis-
tinct points x,y€X there exist disjoint 3-open
sets U and V such that xe U and yeV (Mahmoud
and Abd El-Monsef, 1990).

b) B-Urysohn or (5T,,)-space if given any two dis-
tinct points x,y€X there exist disjoint -open
sets U and V such that xeU and ye€V and
Bel(U)nBcl(V)=9.

c) B-normal if given any two disjoint closed sets
A and B in X there exist disjoint B-open sets U
and Vsuch that ACU and B € V (Mahmoud and
Abd El-Monsef, 1990).

Lemma: 2.22 Every -Urysohn space is -Hausdorff

Proof (X, 7) is (AT,,)-space = given any two distinct
points x,y€X, there exist disjoint B-open sets U and V
such that xeU and y€V, and Bcl(U)nBcl(V)=¢ = given
any two distinct points x,y€X, there exist two [3-open
sets U and V such that xeU and yeV and UnB=¢ = (X,
T) is (BT,)-space.

Lemma: 2.23 Every completely B-normal space is
-normal

Definition: 2.24 Let (X, ) be a topological space. A
collection {U, : a € A} of subsets of X is said to be:

a) AcoverforXif X c UUa.

b) Anopen (resp., 3-open) cover for Xif {U, :a € A}
is a cover for X and VaeAU,e7r (resp,
U, € pO(X,7)) (Mahmoud and Abd El-Monsef,
1990).

Definition: 2.25 A topological space (X, 7) is said to be

i) B-compact (resp. countably [-compact) if
for every [-open (resp. countable [-open)
cover {U,:aeA}for X, 3A, < Afinite such that
Xc Lg U, (Mahmoud and Abd El-Monsef, 1990).

ii) B-compactum if (X,r) is B-compact and

B-Hausdorff.



A. lguda et al. / Science Forum (Journal of Pure and Applied Sciences) 22 (2022) 336 — 343 339

Definition: 2.26 An ideal space (X, 7, I) is said to be

i) I-compact (resp. countably I-compact ) if
for every open (resp. countable open) cover
{U,:xeA} for X, 3A, A finite such that

0o =

X\ JU,) el (Hosny, 2013).

aeh,

ii) Bl-compact (resp. countably BI-compact) if
for every [-open (resp. countable [-open)
cover {U,:aeA}for X, 3A, c A finite such that
(x\|JU,)e1.(Mahmoud and Abd El-Monsef,

ael,

1990).
3. B-Compactness

Theorem 3.1 If (X, 1) is f-compact and B is B-closed
subset of X, then B is 3-compact.

Proof Let (X, ) be B-compact, B be B-closed sub-
set of X, and {U,:aeA}be a family of -open sets
such that Bc<|JU,. Then, (X\B) is B-open and

aeA
X c|JU, u(X\B). Since X is B-compact, 3A, c A finite
aelA
such that Bc X c U U,u(X\B). Hence, Bc U u,.

ael,

ael,
Therefore, B is 3-compact.

Lemma: 3.2 If (X, 1) is B-compact and B is closed
subset of X, then B is 3-compact.

Theorem 3.3 If B is a f-compact set in a 3-Hausdorff
space X and x ¢ B, then there exist 3-open sets U and V
such that xeU,BcVand UV =4.

Proof Let B be a B-compact set in a (-Hausdorff
space X andxe¢B. Now, VbeB,x=bhand since X is
B-Hausdorff, there exist 3-open sets U, and U, such
thatxeU,, beU,, andU_nU, = ¢. The family {V,:beV}
forms a 3-open cover for B. Since B is 3-compact, there
exist a finite subcollection {/; :i=12,...,n} such that

BCUV Let v = UV then V is $-open and BCV. For

each V;, =12, ,n there exists a corresponding U,
such that xeU,andU,nV,=¢. Let U= ,Bmt(ﬂUl) then
Uis B-open, xeU,BcV,and UnV =¢. =l

Theorem 3.4 A (3-compact set in a B-Hausdorff space
is B-closed.

Proof Let X be 3-Hausdorff and B< X be -compact.
Letx¢ B, then by Theorem 3.3, there exist disjoint
[-open sets Uand V such that xeU,B c V. This implies
Vx e B there exist f-open set U, such that xeU, and
U nB=¢.Let H=U{U, :x¢ B}, then H is b-open and
(X/H) = B. Hence, B is B-closed.

Theorem 3.5 Every -compactum is $-normal.

Proof Let X be 3-compact and 3-Hausdorff and A and
B be any disjoint closed sets in X. Then, A and B are
B-closed and disjoint. By Theorem 3.1, A and B are
B-compact and Vae 4,a¢ B.. Therefore, by Theorem
3.3, there exist B-open sets U, and V, with aeU,

and BcV, such that U,nV,=¢. Now, 4c|JU, and
acA

BcV,,ae A Since A is B-compact, there exists a finite

subcover say {U, :i=12,...n} such that4c(JU, . Let

U:UU.;,. )
i=1

U, there exists v, suchthat Bcv, and U, nV, =¢.Let

then U is B-open and ACU. Now,iZIfor each

Vzﬂint(ﬁVa,), then V is B-open and BSV. Moreover,
Uunv = ¢,7Hence, Xis B-normal.

Definition: 3.6 An ideal space (X, 7, I) is said to be Igf3-
normal; if given any two disjoint Igf-closed sets A and
B there exist two disjoint 3-open sets U and V such that
AcUand BcV.

Theorem 3.7 If (X, 7, I) is an ideal space and (X, 1) is
B-completely normal, then (X, 7, I) is IgB-normal.

Proof Let (X, T) be B-completely normal, A and B be
any two disjoint IgB-closed sets. (X, T) is completely
B-normal and implies that there exist disjoint 3-open
sets U and V such that AcUandBc V. This implies
that (X, 7, I) is IgB-normal.

Theorem 3.8 If X is -compactum, then 4c X is
B-closed if and only if A4 is § -compact.

Proof X is 3-compactum and 4c X is B-closed = A is
B-compact (Theorem 3.1).

Conversely, X is a f-compactum and 4c X is f-com-
pact =A is B-closed (Theorem 3.4).

Theorem 3.9 A space (X, 1) is f-compact if and only
if every family {U,:a <€A} of B-closed sets in X hav-
ing the finite intersection property has a nonempty
intersection.

Proof Let X be B-compact and {U, :a €A} be a fam-
ily of B-closed sets in X having the finite intersection

property.
Suppose [1U.=4, then J(X\U,)= X\ﬂU —X\g=X .

aelA aeA

This implies {X\U,:a€A} is a Bopen cover for X.
Since X is B-compact, there is a finite subcover say

X\U, =121} such that XcU(X\U )= X\ﬂU

i=1

This implies ﬂU =¢, and this a contradiction, i.e.,
{U,:aeh} has the finite intersection property. Hence,

U, #¢-

aeA
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Conversely, suppose the condition holds and let
{U, :a €A} be a B-open cover for X. Then, {X\U, :a €A}
is a family of f-closed subsets of X such that
(x\U,)=x\|JU,=X\X=¢. By our hypothesis,

aeA aeA

the collection {X\U,:a eA} has no finite intersection
property. Therefore, there is a finite subcollection such

that ((X\U,)=X\{JU, =¢. This implies X cJU, .
i=1 i=1 i=1

Hence, the collection {U, :i=L12,...n} is a finite sub-
cover of {U, :a € A} for X. Therefore, X is f-compact.

4. Bpl-Compactness

Definition: 4.1 A subset A of an ideal space (X, 7, I) is
said to be pl-compact if for every family {U, :a € A} of

open subsets of X, if (4\|JU,) e/, 3A, c Afinite such
aeA
that (4\J U, €l The space (X, 7, 1) is said to be

ael,

pl-compact if X is pl-compact (Pachon, 2016).

Definition: 4.2 A subset A of an ideal space (X, 7, I) is
said to be Bpl-compact if for every family {U, :a €A}
of B-open sets in X, if (4\| JU,)e1, 3A, A finite such
that (4\ U U, el The sT)Aace (X, T, 1) is said to be
BpI-comSZ\AEt if X is Bpl-compact.

Example: 4.3

i) Let X=R be equipped with the standard
topology, and I =p(R) be an ideal on R. Then,
the ideal space (R,z,p(R)) is Bpl-compact,
i.e., if {U, @ €A} a family of B-open sets in R,
if R\(JU,)ep®), 3A, cAfinite such that

aeA

R\ JU,) e p(R).

ii) Let X={xyz},r={4X,{x},{x,z}} and I=1,
Then, the space (X, 7, 1) is Bpl-compact,
i.e, for any collection {U,:aeA} of mem-
bers of = po(x,7)={¢, X, {x}.{x,y}.{x,2}}, for
which (x\|JU,)e!,, 3A, c A finite such that

aeA

x\u,er,.

ael,

Lemma: 4.4 If (X,7,{¢}) is Bp{#}-compact and B is
B-closed in X, then B is Bp{#} -compact.

(Theorem 3.1).

Lemma: 4.5 If X is pp{¢} -compact and (-Hausdorff,
then X is B-normal (Theorem 3.5).

Theorem 4.6 A topological space (X, 7) is f-compact if
and only if (X,z,{¢}) is Bo{#} -compact.

Proof Let (X, ) be [-compact. This implies given
any collection {U,:aeA} of B-open sets in X
such that (x\|JU,) =4, 3A, cAfinite such that

(X\UUa)=¢e{¢C;}EA. This implies (X.z,{¢}) is Bpis}
-compact.

Conversely, let (X,z,{¢}) be pJo{g}-compact and
{U,:aeA} be any B-open cover for X. This implies

X cJU,)=>x\(JU, =¢<{p} =3A, c A finite such that

ael aeA
xX\Jupewm=x\JUy=¢=xc|JU,= (X 1) is
ael, ael, ael,
B-corr?pact. ’

Lemma: 4.7 If (X, 7, I) is Bpl-compact for every ideal |,
then (X, 7) is f-compact.

Theorem 4.8 If (X, 7, I) is fpl-compact, then (X, 7, I) is
pl-compact.

Proof Let (X, 7, I) be Bpl-compact and {U, :a €A} be a
family of open sets in X such that(x\| JU,)e. By (a)

of Lemma 2.10 U, € fo(X,7),Va € A. B};%ur hypothesis,

3A, c Afinite such that (X\ | J U,) 1. Hence, (X, T, 1) is
pl-compact. ach,

Theorem 4.9 An ideal space (X, 7, I) is Bpl-compact iff
(X, 1) is Bpl-compact.

Proof Suppose (X, t, I) is ppl-compact and
U, :aeA} is a collection of B-open sets in (X, t%])
such that (X\{JU,)el. Now, U,=V,\W, such that

aeA .
V, e po(X,r),W,el,YaeA Therefore, {V,:acA} is a
collection of B-open sets in (X, 7,I) and Uu.cUr..
aeA

aeA

Therefore, X\ JV, c X\|JU, €I implies X\ JV, eI.

aeA aeA aeA
By our hypothesis 3JA,cA finite such that
x\Jryer Now, x\{Ju, ci(x\ U ouJwler
ael, ael, ael, ael,

=(X\|J U,) eI This implies (X, %) is Bpl-compact.
ael,

Conversely, suppose (X, t*I) is Ppl-compact and
U, :a €A} is a collection of B-open sets in

(X, ©, 1) such that (x\|JU,)el. By (c) of Lemma

ael

2.10 and our hypothesis, {U_ :aeA} is a collection of

B-open sets in (X, 7,I) and 3A c A finite such that
X\ JU,) el Hence, (X, 7,1) is Bpl-compact.

aeA,

Theorem 4.10 An ideal space (X, t, I) is fpl-compact
iff for any family {V,:a €A} of B-closed sets in X, if

(V. !, then 3A c A finite such that [ V. €/-

ael,
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Proof Let (X, 7, I) be a Bpl-compact and {V,:a €A}
be a family of B-closed sets in X such that (|, 1.
Now, U,=X\V_ . ,VaeA, then {U,:aeA} “ijs a
family of B-open sets in X. Therefore, we have
(V. =x\U)=x\|JU,el. By hypothe-

aeA aeA

sis, 3A,cA finite such that (x\|JU,) el Hence,
ael,
x\Juy=Nx\v)=v,el

ael, ael, ael,

Conversely, suppose the condition holdsand {U, : @ € A}
is a family of B-open sets in X such that X\ JU, 1.

aeA

Then {(X\U,):aeA} is a family of B-closed sets in
X and X\JU,=(N(X\U,)el. By our hypothesis,

aeA aeA

JA, C A finite such that [ (X\U)=(X\JU,) el Let

ael, ael,

(X, 7, 1) be a Bpl-compact.

our

Corollary: 4.11 (X, t* 1) is Bpl-compact if and only if
for any family {V, :a € A} of B-closed sets in (X, t* 1), if

(V. €I, then 3A, c A finite such that ﬂ Veel.

ael,

Theorem 4.12 Let | and ] be ideals in (X; ) and
K=InJ.If (X 1, 1)is Bpl-compact and

(X, 7, ]) is Bp]-compact, then (X, 7, K) is BpK-compact.

Proof Suppose the condition holds and let{U, :a e A}
be a family of B-open sets in X such that X \{JU, K.

aeA

This implies X\{JU., €I and X\JU, €J. Now, if (X,

aeA aeA
7, I) is Bpl-compact and (X, 7, J) is BpJ-compact, then
there exist finite subsets A,and A, of A such that
X\UJU, el and X\|JU,eJ. Taking A,=A N4,

ael aeh,

then A, is finite and X\ U U,eInJ=K Hence, (X, T,

ael;
K) is BpK-compact. ‘
Theorem 4.13 If A and B are 3pl-compact subsets of
an ideal space (X, 7, I), then (4u B)is Bpl-compact.

Proof Let A and B be Bpl-compact subsets of an ideal
topological space (X, 7, I) and {U,:a A} be a family
of B-open sets in X such that (AUB)\péAUa €l This
implies 4\ YU, c@uB\|JU, el and similarly
B\JU, c(4 OB\ Uu.er. Since Aand B are Bpl-com-
pacatE,Athere exist firiiQée subsets A and A, of A such that
A\|JU, el and B\ JU, el. Taking A, =A,uA,, then

ael aeA

A, is finite and we have 4" UU.el and B\UU, <1,
aely aely
This implies (4YB)\ UU.el. Hence, (AU B)is

aely

Bpl-compact.

Lemma: 4.14 Finite union of Bpl-compact sets is
Bpl-compact.

Theorem 4.15 Let A be a Bpl-compact subset of an
ideal space (X, 7, I). If Bis a f-open setand B c 4, then
A\B is Bpl-compact.

Proof Let A be a Bpl-compact subset of an ideal
topological space (X, 7, I) and B be a $-open set such
that Bc 4. Let (U, :aecA} be a family of B-open
sets in X such that (4A\B\[JU, el This implies

aeh

AJBUU,) el Giventhat Aisa Bpl-compactand B is

aeA

B-open, 3A, c A finite such that 4\ |J (BUU,) e This
aeA,
implies (4\B)\ | J U, €I. Hence, (4\B) is Bpl-compact.

ael,

Theorem 4.16 Let (X, t,1) be anideal spaceand 4 c x .
If for every collection {U,:aeA}of B-open sets, if

(A\U U, €l there exist a Bpl-compact set B contain-

aeA

ing A such that (B\{JU,) €1, then A is Bpl-compact.

aeA

Proof Suppose the condition holds. Let Ac X,
{U,;acA} be a family of B-open sets such that

(A\UJU.) el and B be Bpl-compact set containing A

aeA

such that (B\|JU,) €. Now, B is Bpl-compact implies
aeA
3A, A finite such that (B\ U UJel. And, AcB=

ael,

(4\[JU.) €. Hence, A is Bpl-compact.

ael,

Theorem 4.17 If (Xx,z,{¢}) is Bp{¢}-compact, then
every ¢gf-closed subset of (X,z,{¢}) is f-compact.

Proof Let A be a ¢gf-closed subset of Bp{d}-compact
space (x,r,{g})and {U :aeA} be a family of f-open

sets such that (4<=JU,).- Now, A is ¢gB-closed =
Bel(A) =\ JU,.  Therefore, X=X \Bcl(4pvJU, =

aeA ael

XX\ Bel(Apu|JU,1=4d}.  Since  x\pei(4)is

aeA

B-open and (x,r,{¢}) is Bp{d}-compact, then 3o c A
finite such thatX\[(X\Bel()v |JU,1=4.  But
XX\ Bel()v | J U, 1= Bel(H\|J U,. This implies

ael,

ael,
A YU, =¢= A JU.) Hence, As B-compact.

Theorem 4.18 If A and B are subsets of an ideal
space (X, 7, {¢}) such that 4 B,B c fci(4)and A is {¢}
gp-closed , then A is Bp{¢}-compact if and only if B is
Bp{¢d}-compact

Proof Suppose the condition holds and A is Bp{¢}-
compact. Let {U,:acA} be a family of [B-open

such that B\JU,=¢e{s}.

aeA

A JU, cB\(JU,=¢ and this implies 4\JU, =¢.

aeA aeA aeA

sets Now, AcB=
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GiventhatAis{¢}gB-closedand Bp{d}-compact, 3A c A
finite such that 4" q U.)=¢ ang BelDc | ©,)=¢.

ael,

This implies B\ |J U, c Bcl(4) < | (U,) =¢. Therefore,

ael, ael,

B\|JU, =¢<ig). Hence, B is Bp{¢}-compact.

ael,
Conversely, suppose the condition holds and B
is Bp{¢}-compact. Let {U,:aeA} be a family of

B-open sets such that 4\{JU, =¢€{4}. This implies
aeA
pelc | JU, 4 BdD\JU, =4 Now

)
aeA aeA

=B\JU,=¢. Also, Bp{d}-compact =3IA cA
aeA
B\(JU, =¢eist, Now, AcB=
aeA,

B c fel(A)

finite such that
AJU, cBVJ U, =peith o 4\ (U, =g <4}, Hence,

ael, ael, aeA,

A is Bp{¢}-compact.

Lemma: 4.19 If A and B are subsets of a topolog-
ical space (X, ) such that AcB,Bc pcl(4) and A
is gB-closed, then A is B-compact if and only if B is
B-compact.

Theorem 4.20 Let f:(X.,z,])—>(Y,6) be [-irreso-
lute and surjective. If (X, 7, I) is Bpl-compact and
J={BcY:f'(B)el}, then (Y, 6,]) is Bpl-compact.

Proof Let f:(X,z,I)—>(Y,9) be (-irresolute and sur-
jective, and (X, 7, [) be Bpl-compact. By (a) of Lemma
2.19, ] is an ideal on Y. Let {U,:a €A} be a family of

B-open sets in Y such that ¥\UU. €. This implies

aeA

fovJuy=x\J ', el where {f'(U,):a A} is

aeA aeA

afamily of B-opensetsinX. The space (X, 7,1) is Bpl-com-
pact implies 3A, c A finite such that X\ |J /7U,) e,

ael,

Hence, /X\U /W) =Y\|J U, €7 Therefore, (Y, 6,

ael, ael,

]) is Bpl-compact.

Theorem 4.21 Let f:(X,7r,])—>(Y,6) be [-irres-
olute and bijective. If (X, 7, 1) is Bpl-compact and
fD)={f(4): 41}, then (Y, 6, f(I)) is BpIl-compact.

Proof Let f:(X,7z,I) > (¥,5) be B-irresolute and bijec-
tive, and (X, 7, I) be Bpl-compact. By (b) of Lemma 2.19,
f(DisanidealonY.Let {U, :a € A} be a family of 3-open

sets in Y such that Y\JU, € f(I). This implies there

aeA
exists 4] such that Y\ UUa € f(4). Hence, we have
aeA
A= \Ju,)=x\{J /U, el.Giventhat (X,,1)is

aeA aeA

Bpl-compact, 3A, c A finite such that X Ur'wyer.

ael,

Therefore, /(X U U =7\ U U,ef(), Hence,

ael, ael,

(Y, 6, f()) is Bpl-compact.

Theorem 4.22 Let f:(x,r)—>(.,5,J) be an
MB-open bijection. If (Y, 6, ]) is BpJ-compact and
[ D={(C):CeJ}, then (X,z,f7(I)is ppf'(J)

-compact.

Proof Let 7:(X,r)— (¥,5,J) be an MB-open bijection
and (Y, 6, ]) be BpJ-compact. By Lemma 2.20, f'(J)
is an ideal on X. Let {U, :a €A} be a family of B-open

sets in X such that x\ Uu, e . Then, there exists

aeA
Z eJ such that x\Ju, = r'@- Therefore, we have

f(X\UUa):Y\Ufa(GUa):ZeJ. Given that (Y, 6, ]) is

aeA aeA

BpJ-compact, 3A, c A finite such that y\ U fUH)ed.

Hence, /'("\|J fU)=X\|JU, e £(J). Therefore,

ael, ael,

(X,7,f(J)) is Bpf'(J)-compact.
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