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Abstract

Integral Transforms are analytical tools used to solve differential and partial
equation. In this paper, the yang transform is applied to solve the Poisson and
transport equations. And the general solution formula of the transport equation
was deduced in both homogenous and non- homogenous cases under initial and
boundary conditions. And also finding the general solution formula for the
Poisson equation. This method has proven that yang transform is an effective
tool with high efficiency in solving complex equations and transforming in to
simpler algebraic equations, it can be extended to handle other more complex
mathematical problems indifferent mathematical fields in engineering and
applied sciences. And a set of multiple illustrative examples was presented to
prove the efficiency and accuracy of the deduced formulas.
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1-Introduction
Integral transforms are an effective tool
for solving differential equations (7).

They are commonly used in mechanics,
astronomy, physics, and many other fields
[1,5]. The origin of integral transforms—
particularly the Laplace and Fourier
transforms—traces back to the scholar
Laplace (1749-1827) in the 1780s; these
methods, grounded in rigorous
mathematics, are on par with modern
operational calculus [6].

There are different types of integral
transformations, including the Laplace,
Temimi, Elzaki, Sumudu and Shehu,
[3,4,109,8]

2-Definition [13]

The  Yang  transform is  anew
transformation emerged used to solve
some type of

In this of the modern transforms is the
Yang tfransform, used to solve certain
types of differential equations and
applied in physics and engineering, the
Yang transform is applied to Transport
and Poisson equations.

This work, we address the solution to the
Poisson and transport equations. The
second section covers certain definitions
and properties; section3 derives solution
formulas and the final section includes
the solutions to specific examples.

The Yang transform of ¢(7) , is defined for an is integrable function g(z), 7 > 0 as:

K(a@)=1 ) =["ev g@dt ,t > 0

(2.1)

Where the integral exists for some v, where v € (-11,72).

If we substitute _TT = pthen equation (2.1)becomes,

Y(@@)=t@)=v [ e* qwdy , u>0

3 - Preliminaries Yang transform.

2.2)

Property (3.1): if w,(8), w,(8),..., w,(6) have Yang transform, then

N(B1 w1(8) + Bowz(8) + -+ + Br wn(8) ) = B1Yi(w1(8)) + B2 V(w2 (8))+ ... +B, V(wn(8))

wheref;, B,,..., By are constants w;(8) , w,(6), ...,

(3.1)

wy, (8) are defined function.

Theorem (3.2): Let (Y, a)be a function defined fora > 0 and Y € [o, p]. Then

0] (%) = 29— I(Y,0), where 9 =9(Y,&)=Y {I(Y,@)}

()2

(ii1) T(Y o)

——1( ,0) =1, (0, 0) + T(Y a) = K(G(Y, 7)),
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4-Table of Selected Yang transformation [ 73]:

The Yang Transformation was shown in the table below for the following functions:

ID | function B(7) Y(B(0)
1 1 d
2 U 0?
3 u’ nl.ontt
1—-0dp
5 sin pu p0?
14 p202
6 cos pu d
1+ p2092
7 sinh pu po?
1 — p202
8 cosh pu o
1+ p202

5-Yang Transformation
In this section, Yang transformation is used to derive solution formulas:

Formula (4.1):

Consider the following equation for homogeneous Transport equation: -
l.+nly=0, (4.1) under the conditions
(Y, 0) =g(Y),
100,7)=1(1,»)=0.
and p is constant.

By taking Yang transformation to both sides:

T(Y, )
«

— 1(,0) +n £ T(Y,@) =0,

After applying the initial conditions:

d 1 1
ET(Y, (X) + a_pT(Y' (X) = J—l @(Y), . (42)

The above equation (4.2) is an ordinary linear differential equation and has a solution.

Ly 1 L,
T(Y, a)e na = [ g(Y) .ene” dr

-1 1
T(Y, ) =%eﬁy [ g(Y) .end” ds,

Thus, the solution for (4. 1), by taking the inverse of Yang transformation.
1 =t 1
LY, ») = Yl_l [J—le na f a(Y) ene” ds |. (4.3)
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Formula (4.2):
Consider the following equations for non-homogeneous Transport equation:-
L-+nly = G(Y,7), (4.4)
under the conditions ] (Y, 0) = g(Y),
1(0,7)=1(1,7)=0.
and p is constant.

By taking Yang transformation to both sides:
D 1(7,0) + 0 S T(Y, @) = K(G(Y, 7)),

After substituting the initial conditions: -

d 1 1 1 . .
HT(Y’ a) + @T(Y, ) = ;YL(G(Y' /r*)) +J—1 q(Y). (4.5) The above equation (4. 5) is
an ordinary linear differential equation and has a solution.

T( e’ = = (G0, M) + g ()] e dr,

-1 1
T(Y,a) = ieﬁy J (G, ) + g(Y3 ene’ dg~
we get the general solution of equation (4.5), by taking the inverse of Yang transformation.

-1 1 1 1
T(Y,) =" EeﬁY S yx(aqy, 7)).end’ dr +%eﬁ¢ [ g(Y) e dr

Formula (4.3):
Consider Poisson equation is: -
L (0 7) + yy (Y, )= G(Y, 7)), (4.6)
sol (Y,0) =g(Y), 1-(Y,0) = {(Y),
and boundary conditions ] (0,7)=1(1,#)=0.
By taking Yang transformation to both sides:

T(Y O()

1( 0) =1, (0,0) + T(Y o) = 1(G(Y, ),

After substituting the initial conditions:

T(Y o)

= 21w + = K(G(Y, 7)) + =) + HY). (4.7)

The above equation (4.7) is an ordinary linear differential equation which has a complementary solution.

Te (Y, 0)= blcos( ) Y + Db, sm( ) Y.

where p, and p, are an arbitrary constant.

Using variation of parameters, then particular solution is:

Tp(Y, ) = bl(Y)cos( ) Y by (1) sm( ) Y.
Since (G(Y, 7)) +=4(¥) + H(Y)
b, (Y) cos(é)Y+ b, (Y) sin( i)Y =0,

1 1
_ —bl(Y)sm( )Y+ bz(Y)cos( )Y y(G(Y4~))+ ~q(0) +H(Y),
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Where:
1 1
cos(=)Y sin( = )Y
V= ( 1) (a1) = o
——sm(; Y —COS(;)Y *
o 0 sin(3) ¥
b, (Y) =
T(E, ) + Za() + 6N Teos(1)Y
_ -~ +ga ) +H0)Gsin( 5 )Y
= T ’
then

b1 () = — a [ (G(Y,7) +2 400 +H(N](sin () Y d Y.

In the same way:

(M(G0r)+5a(N+H(N) cos( 5)¥
1 2

152 (Y) =

b,(V) =a [ ((}fl(G(Y, 7)) +4() + () cos ( 3) Y) dy .
Equation (4.7) yields the general solution:

T(Y,@) = [bscos ()Y +b, sin () Y]+
[(_ af (y!((;‘(y, )+ i@(Y) + f](Y)) sin ( %)Y dY) cos(i) Y +
(s (0n(60x, ) + 0+ 500)) cos (3) Y ) sin ()],

utilizing the boundary conditions, yields:

by =b,=0

(—a ) (lfl(G(Y, ) +aq(Y) + F_](Y)) sin(é) Y dY) cos ( i)Y +

s [ (af ((n(ECr.m) + £a ) +60) ) cos (3) ¥ av) sin (3 ) v]|

from (4.6), by taking the inverse of Yang transformation.
(o) = ¥ [(—(x f <(G(Y, ) + %q(Y) + fj(Y)) sin ( %) Y dY)
+ <a J <Y!(G(Y, )+ %cz(Y)
+ f](Y)) cos ( %) Y dY) sin < %) Y] . (4.8)
Example (5.1):

To solve the homogeneous transport equation:-
by +3 1, =0 (5.1)

under the conditions (Y, 0) =eY and 1(0, )=](1,#)=0.
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sol:

Using the equation (4.3) with the for formula (4.1)

-1 |1 _—1Y ifr“
1) = 57 [Fe fa(n e dr |
substitute the give function:-
=3 3
=y [Se «" [e¥. ea” d/r*]
-3 3
_ ]/!_1 [36?4” f e(1+&)ﬁr~ d/l/']

After simplified and integration:

=1 ]

3+a
]
=e'y [1+%]

I(Y, ) = T(Y, #) = e™e3 "

Example (5.2):
To solve the non- homogeneous transport equation: -
2py + p,. =6 (5.2)
under the conditions J(Y,0) =e?¥ and 1(0,+*) =1(1,#)=0
sol:

Using the equation (4.6) with the for formula (4.2)

-1 -1

-1 1 =y j;r 1 2y j;f
IV, 7) =Y ﬁeﬁ“ YG(Y, 7). ere dr +J—leﬁ°‘ g(Y).en® ds
substitute the give function: -
11 i 2 = 1 21, 2Y
=Y [Eeza J6a?.e2a”dr +~ez" [e?V.e2a" dr ]

After, simplified and integration:

= Yi_l [60{2 + ieﬁr. L e(2+i)r ]
=K' [60{2 +— 624”]
1+4a
= 61 [o?] + e [ 2]
! ] 1+4a
1Y, 7) = 6t + e?" et

Which represent the particular solution of equation (5.2).
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Example (5.3):

To solve the Poisson equation
Lo OO ) Hyy (Y, 7)=e” (5.3)

under the conditions ](Y, 0)=0, 1,.(Y,0)=1,
and ](0, 7)=1(1, »)=0,

sol
1 1
100 =37 (B [, ar + Lo [ 0oy, ar |

Using the equation (4.8) with the for formula( 4.3)

T(Y, 7) = %7X( (_ of ((}Q(G(Y,r)) +2g(0) + f](Y))) sin(é)YdY) cos(é)Y
+(af (560 7) + g0 + BON))cos () ¥ dy)sin(2)Y )

Substituting the given function, yield:
a 1 1
( (xf (—+ 1 sm(—)YdY)cos(—)Y
a a
1 1
+ <af —+ 1)cos(a)YdY)sin(a)Y]
=y [((%)fsin(%)YdY) cos( )Y + (( ) fcos( )YdY) sin(i)Y]
After, simplified and integration:
=1 [—COS (l)Y + 1%(Olsin2 (i) Y]
b=

10Y,7) = T(Y,r) = et.

Which represent the particular solution of equation (5.3).
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	6- Conclusion


  𝓆 ( 𝜏 )


  𝓆  ( 𝜏 ) ,


  𝜏 > 0


    𝛶 ᶅ  ( 𝓆  ( 𝜏 ) )


    𝜏


  𝜐 )


    ∫ 0 ∞   e    − 𝜏  𝜐   𝓆  ( 𝜏 ) dt       ,   t   >   0                                                               ( 2 . 1 )              


 


  𝜐


  𝜐 ∈


  𝜏


    𝜏


    − 𝜏  𝜐 = 𝜇


    𝛶 ᶅ  ( 𝓆  ( 𝜏 ) )


    𝜏


  𝜐 )


  𝜐   ∫ 0 ∞    e  − 𝜇   𝓆


  𝜐 𝜇 )   d 𝜇


  𝜇  


    𝜔 1 ( δ )


      𝜔 2 ( δ )


      𝜔  n ( δ )


    𝛶 ᶅ  (   𝛽 1     𝜔 1 ( δ ) +   𝛽 2   𝜔 2 ( δ ) + … +   𝛽  n     𝜔  n ( δ )   )


    𝛽 1   𝛶 ᶅ  (   𝜔 1 ( δ ) ) +


    𝛽 2     𝛶 ᶅ  (   𝜔 2 ( δ ) )


    𝛽  n     𝛶 ᶅ  (   𝜔  n ( δ )   )


    𝛽 1 ,


      𝛽 2 ,


      𝛽  n


      𝜔 1 ( δ )


      𝜔 2 ( δ )


      𝜔  n ( δ )  


    ᶅ  ( Υ , α )


    α > 0


    Υ ∈  [ σ , ρ ] .


   ( i )   𝛶 ᶅ  (   𝜕 ᶅ  𝜕 α   ) =  1 α ϑ −   ᶅ  ( Υ , 0 ) ,


  ϑ = ϑ ( Υ , ε )


      𝛶 ᶅ   { ᶅ  ( Υ , α ) }


      𝛶 ᶅ  (   𝜕 ᶅ  𝜕 α   ) =   𝜕 ϑ  𝜕 α


      T  ( Υ , α )   α 2 −  1 α ᶅ    ( α , 0 ) −  ᶅ  𝓇    ( α , 0 ) +      d 2  d  Υ 2 T  ( Υ , α ) =   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) ,


    𝛽 ( 𝜏 )


  𝛶 ( 𝛽  ( 𝜏 ) )


  1


  𝜕


  𝜇


    𝜕 2


    𝜇  𝜂


  𝜂 ! .   𝜕  𝜂 + 1


    e  𝜌 𝜇


    𝜕  1 − 𝜕 𝜌


   sin ⁡  𝜌 𝜇


    𝜌   𝜕 2  1 +   𝜌 2   𝜕 2


   cos ⁡  𝜌 𝜇


    𝜕  1 +   𝜌 2   𝜕 2


   sinh ⁡  𝜌 𝜇


    𝜌   𝜕 2  1 −   𝜌 2   𝜕 2


   cosh ⁡  𝜌 𝜇


    𝜕  1 +   𝜌 2   𝜕 2


                                                                    ᶅ  𝓇 + ɲ     ᶅ Υ = 0 ,                                                                  ( 4 . 1 )


  ᶅ


  Υ


  Υ )


  ᶅ


    𝓇


  ᶅ


    𝓇


    T  ( Υ , α ) α −   ᶅ  ( Υ , 0 ) + ɲ    d  d Υ T  ( Υ , α ) = 0 ,


   d  d Υ T  ( Υ , α ) +  1  α ɲ T  ( Υ , α ) =  1 ɲ   𝓆 ( Υ ) ,       .                                                                                                                                              ( 4 . 2 )


  T  ( Υ , α )   e     1  ɲ α Υ =  1 ɲ    ⁡    ∫      𝓆 ( Υ )     .  e   1  ɲ α 𝓇 d 𝓇


  T  ( Υ , α ) =  1 ɲ   e      − 1  ɲ α Υ


     ⁡    ∫      𝓆 ( Υ )   .  e   1  ɲ α 𝓇 d 𝓇 ,


  Ƚ  ( Υ , 𝓇 ) =     𝛶 ᶅ  − 1  [  1 ɲ   e      − 1  ɲ α Υ  ∫  𝓆 ( Υ )    e   1  ɲ α 𝓇   d 𝓇   ] .                                                                                                          ( 4 . 3 )


                                                                                    ᶅ  𝓇 + ɲ     ᶅ Υ =   Ɠ  ( Υ , 𝓇 ) ,                                                                                                              ( 4 . 4 )


  ᶅ


  Υ


  Υ )


  ᶅ


    𝓇


  ᶅ


    𝓇


    T  ( Υ , α ) α −   ᶅ  ( Υ , 0 ) + ɲ    d  d Υ T  ( Υ , α ) =   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) ,


   d  d Υ T  ( Υ , α ) +  1  α ɲ T  ( Υ , α ) =  1 ɲ   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 ɲ   𝓆 ( Υ ) .                                                                                    ( 4 . 5 )


  T  ( Υ , α )   e      − 1  ɲ α Υ =  1 ɲ  ∫   [   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +   𝓆 ( Υ ) ]    e   1  ɲ α 𝓇   d 𝓇


  T  ( Υ , α ) =  1 ɲ   e      − 1  ɲ α Υ


     ⁡    ∫      {   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) + 𝓆 ( Υ }   .  e   1  ɲ α 𝓇   d 𝓇


  T  ( Υ , α ) =     𝛶 ᶅ  − 1  [  1 ɲ   e      − 1  ɲ α Υ    ∫    𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) .  e   1  ɲ α 𝓇   d 𝓇   +  1 ɲ  e   1  ɲ α 𝓇  ∫  𝓆 ( Υ )    e   1  ɲ α 𝓇   d 𝓇   ]


   


   ᶅ  𝓇 𝓇  ( Υ , 𝓇 )  


   ᶅ  Υ Υ  ( Υ , 𝓇 )


  Ɠ  ( Υ , 𝓇 ) ,


  ᶅ


  Υ


    𝓆 ( Υ )


   ᶅ  𝓇


  Υ


  Υ


  ᶅ


    𝓇


  ᶅ


    𝓇


    T  ( Υ , α )   α 2 −  1 α ᶅ    ( α , 0 ) −  ᶅ  𝓇    ( α , 0 ) +      d 2  d  Υ 2 T  ( Υ , α ) =   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) ,


     d 2  d  Υ 2 T  ( Υ , α ) +   T  ( Υ , α )   α 2 =   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) .                                                                              ( 4 . 7 )


   T  𝒞


   ( Υ , α )


   þ 1


   (    1 α   )   Υ


   þ 2


   (    1 α   )   Υ


     þ 1


     þ 2


   T  𝒫  ( Υ , α ) =


   þ 1 ( Υ )


   (    1 α   )   Υ


   þ 2


  ( Υ )


   (    1 α   )   Υ


    𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ )


     þ 1 ´  ( Υ )  cos ⁡   (    1 α   ) Υ +      þ 2 ´  ( Υ )  sin ⁡   (      1 α   ) Υ = 0 ,                                                                                                      


  −        1 α    þ 1 ´  ( Υ ) sin ⁡   (    1 α   ) Υ +    1 α    þ 2 ´  ( Υ )  cos ⁡   (    1 α   ) Υ =   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) ,  


  ∇


   |     cos ⁡   (    1 α   ) Υ   sin ⁡   (    1 α   ) Υ   −  1 α  sin ⁡   (    1 α   ) Υ     1 α  cos ⁡   (    1 α   ) Υ | =      1 α   .


     þ 1 ´  ( Υ ) =  1 ∇  |    0   sin ⁡   (    1 α   ) Υ     𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ )   1 α  cos ⁡   (    1 α   ) Υ |


                        =   − [   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) ] (  sin ⁡   (    1 α   ) ) Υ   1 α


   þ 1  ( Υ ) = −   α  ∫    𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) ] (  sin ⁡   (    1 α   ) ) Υ


    Υ


     þ 2 ´  ( Υ ) =    (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) )  cos ⁡   (    1 α ) Υ     1 α


   þ 2  ( Υ ) = α    ∫   (  (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) )  cos ⁡   (    1 α ) Υ )     d Υ


  T  ( Υ , α ) =  [  þ 1 cos    (    1 α ) Υ +  þ 2   sin  (    1 α   ) Υ ]


                                       [  ( −   α  ∫   (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) )    sin ⁡   (    1 α ) Υ   d Υ )  cos ⁡   (    1 α ) Υ +                                        ( α  ∫   (  (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) + 𝓆 ( Υ ) + ɧ ( Υ ) ) )  cos ⁡   (    1 α ) Υ   d Υ )  sin ⁡   (  1 α   ) Υ ]


   þ 1 =  þ 2 = 0


  T  ( Υ , α ) =    [  [     ( − α    ∫   (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) + 𝓆  ( Υ ) + ɧ  ( Υ ) )    sin ⁡   (    1 α ) Υ   d Υ )  cos ⁡   (    1 α ) Υ +                                ( α  ∫   (  (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) ) )  cos ⁡   (    1 α ) Υ   d Υ )  sin ⁡   (  1 α   ) Υ ] ] ,


  Ƚ  ( x , μ ) =     𝛶 ᶅ  − 1  [  ( − α  ∫   (  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) )    sin ⁡   (    1 α ) Υ   d Υ ) +            ( α    ∫   (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) )  cos ⁡   (    1 α ) Υ   d Υ )  sin ⁡   (    1 α ) Υ ] .                                                                      ( 4 . 8 )


                μ Υ + 3    μ  𝓇 = 0                                                                                                                                                                                           ( 5 . 1 )


  under   the    


  ᶅ  ( Υ , 0 )  


    e Υ


  ᶅ  ( 0 , 𝓇 )


  ᶅ  ( 1 , 𝓇 )


  ᶅ  ( Υ , 𝓇 ) =     𝛶 ᶅ  − 1  [  1 ɲ  e    − 1  ɲ α Υ  ∫  𝓆 ( Υ )    e   1  ɲ α 𝓇   d 𝓇   ]


                          =     𝛶 ᶅ  − 1  [ 3   e      − 3 α 𝓇  ∫    e Υ     . e   3 α   𝓇   d 𝓇   ]


  =     𝛶 ᶅ  − 1  [ 3  e    − 3 α 𝓇  ∫    e   ( 1 +  3 α ) 𝓇   d 𝓇   ]


                        =     𝛶 ᶅ  − 1  [   3 α  3 + α     e  𝓇 ]


                    =   e  𝓇     𝛶 ᶅ  − 1  [  α  1 +  α 3   ]


  ᶅ  ( Υ , 𝓇 ) = T  ( Υ , 𝓇 ) =   e  𝓇  e    − 1 3 𝓇


                              2   μ Υ +    μ  𝓇 = 6                                                                                                                                                                                             ( 5 . 2 )


  under   the    


  ᶅ  ( Υ , 0 )  


    e  2 Υ


  ᶅ  ( 0 , 𝓇 )  


    ᶅ  ( 1 , 𝓇 )


   


   


  ᶅ  ( Υ , 𝓇 ) =     𝛶 ᶅ  − 1  [  1 ɲ  e    − 1  ɲ α Υ    ∫    𝛶 ᶅ Ɠ  ( Υ , 𝓇 ) .  e   1  ɲ α 𝓇 d 𝓇 +  1 ɲ  e    − 1  ɲ α Υ  ∫  𝓆 ( Υ )     . e   1  ɲ α 𝓇   d 𝓇   ]


                          =     𝛶 ᶅ  − 1  [    1 2  e    − 1  2 α 𝓇    ∫  6  α 2 .  e   1  2 α 𝓇 dr +  1 2  e    − 1  2 α 𝓇    ∫    e  2 Υ .  e   1  2 α 𝓇 d 𝓇       ]


                        =     𝛶 ᶅ  − 1  [ 6  α 2 +  1 2  e    − 1  2 α 𝓇 .    1   ( 2 +  1  2 α )   e   ( 2 +  1  2 α ) 𝓇   ]


                      =     𝛶 ᶅ  − 1  [ 6  α 2 +  α  1 + 4 α     e  2 𝓇 ]


                      = 6     𝛶 ᶅ  − 1  [  α 2 ] +   e  2 𝓇     𝛶 ᶅ  − 1  [  α  1 + 4 α ]


  ᶅ  ( Υ , 𝓇 ) = 6 t +   e  2 𝓇   e  − 4 t .


   


      ᶅ  𝓇 𝓇  ( Υ , 𝓇 )


   ᶅ  Υ Υ  ( Υ , 𝓇 )


    e  𝓇


  under   the    


  ᶅ  ( Υ , 0 )


      ᶅ  𝓇  ( Υ , 0 )


  ᶅ  ( 0 , 𝓇 )


    ᶅ  ( 1 , 𝓇 )


  ᶅ  ( Υ , 𝓇 ) =     𝛶 ᶅ  − 1  [  1 ɲ  e    − 1  ɲ α Υ    ∫    𝛶 ᶅ Ɠ  ( Υ , 𝓇 ) .  e   1  ɲ α 𝓇 d 𝓇 +  1 ɲ  e    − 1  ɲ α Υ  ∫  𝓆 ( Υ )     . e   1  ɲ α 𝓇   d 𝓇   ]


         T  ( Υ , 𝓇 ) =     𝛶 ᶅ  − 1  (    ( −   α  ∫   (  (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆  ( Υ ) +       ɧ  ( Υ ) ) )    sin ⁡   (    1 α ) Υ   d Υ )  cos ⁡   (    1 α ) Υ                     +  (   α  ∫   (  (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +     𝓆 ( Υ ) +   ɧ ( Υ ) ) )  cos ⁡   (    1 α ) Υ   d Υ )  sin ⁡   (    1 α ) Υ      )


                                =         𝛶 ᶅ  − 1  [  ( −   α  ∫   (  α  1 − α + 1 )  sin ⁡   (    1 α ) Υ   d Υ )  cos ⁡   (    1 α ) Υ +          (   α  ∫   (  α  1 − α + 1 )  cos ⁡   (    1 α ) Υ   d Υ )  sin ⁡   (    1 α ) Υ ]


                                  = 𝛶 ᶅ  − 1  [  (  (   − α  1 − α )  ∫   sin ⁡   (    1 α ) Υ   d Υ )  cos ⁡   (    1 α ) Υ +  (  (  α  1 − α )    ∫   cos ⁡   (    1 α ) Υ   d Υ )  sin ⁡   (    1 α ) Υ ]


      𝛶 ᶅ  − 1  [    α  1 − α      cos 2 ⁡   (    1 α ) ⁡ Υ +  α  1 − α      sin 2 ⁡   (    1 α ) ⁡ Υ ]


      𝛶 ᶅ  − 1  [    α  1 − α ]


  ᶅ  ( Υ , 𝓇 ) = T  ( Υ , 𝓇 ) =   e  t .


   [ 1 ]


   [ 2 ]

