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Abstract  

Integral Transforms are analytical tools used to solve differential and partial 

equation. In this paper, the yang transform is applied to solve the Poisson and 

transport equations. And the general solution formula of the transport equation 

was deduced in both homogenous and non- homogenous cases under initial and 

boundary conditions. And also finding the general solution formula for the 

Poisson equation. This method has proven that yang transform is an effective 

tool with high efficiency in solving complex equations and transforming in to 

simpler algebraic equations, it can be extended to handle other more complex 

mathematical problems indifferent mathematical fields in engineering and 

applied sciences. And a set of multiple illustrative examples was presented to 

prove the efficiency and accuracy of the deduced formulas. 
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1-Introduction 

Integral transforms are an effective tool 

for solving differential equations 7) ). 

They are commonly used in mechanics, 

astronomy, physics, and many other fields 

[1,5]. The origin of integral transforms—

particularly the Laplace and Fourier 

transforms—traces back to the scholar 

Laplace (1749–1827) in the 1780s; these 

methods,  grounded in rigorous 

mathematics, are on par with modern 

operational calculus [6]. 

 There are different types of integral 

transformations, including the Laplace, 

Temimi, Elzaki, Sumudu and Shehu, 

[3,4,10,9,8] 

 The Yang transform is anew 

transformation emerged used to solve 

some type of  

In this of the modern transforms is the 

Yang transform, used to solve certain 

types of differential equations and 

applied in physics and engineering, the 

Yang transform is applied to Transport 

and Poisson equations.   

This work, we address the solution to the 

Poisson and transport equations. The 

second section covers certain definitions 

and properties; section3 derives solution 

formulas and the final section includes 

the solutions to specific examples. 

 

 

2-Definition [13] 

The Yang transform of 𝓆(𝜏)  , is defined for an is integrable function 𝓆(𝜏), 𝜏 > 0 as: 

𝛶ᶅ(𝓆(𝜏))= 𝜏 (𝜐) = ∫ e
−𝜏

𝜐
∞

0
 𝓆(𝜏)dt   , t >  0                               (2.1)         

Where the integral exists for some 𝜐, where 𝜐 ∈ (-𝜏 1 , 𝜏 2 ). 

If we substitute 
−𝜏

𝜐
= 𝜇then  equation (2.1)becomes, 

𝛶ᶅ(𝓆(𝜏))= 𝜏 (𝜐) =𝜐 ∫ 𝑒−𝜇∞

0
 𝓆 (𝜐𝜇) 𝑑𝜇      ,    𝜇 >0          (2.2) 

 

3 - Preliminaries Yang transform. 

Property (3.1): if  𝜔1(δ) , 𝜔2(δ),…, 𝜔𝑛(δ)  have Yang transform, then  

𝛶ᶅ(𝛽1 𝜔1(δ) + 𝛽2𝜔2(δ) + ⋯+ 𝛽𝑛 𝜔𝑛(δ) ) = 𝛽1𝛶ᶅ(𝜔1(δ)) + 𝛽2 𝛶ᶅ(𝜔2(δ))+ . . . +𝛽𝑛 𝛶ᶅ(𝜔𝑛(δ) )                      

                                                                                                                                         (3.1)                                                

where𝛽1,  𝛽2,…, 𝛽𝑛 are constants 𝜔1(δ)  , 𝜔2(δ), …, 𝜔𝑛(δ) are defined function. 

Theorem (3.2): Let ᶅ(Υ, α)be a function defined for α > 0 and Υ ∈ [σ, ρ]. Then 

(i)𝛶ᶅ (
𝜕ᶅ

𝜕α
 ) =

1

α
ϑ −  ᶅ(Υ, 0),   where ϑ = ϑ(Υ, ε)= 𝛶ᶅ {ᶅ(Υ, α)} 

(ii) 𝛶ᶅ (
𝜕ᶅ

𝜕α
 ) =

𝜕ϑ

𝜕α
 

(iii) 
T(Υ,α)

α2 −
1

α
ᶅ (α, 0) − ᶅ𝓇  (α, 0) + 

d2

dΥ2 T(Υ, α) = 𝛶ᶅ(Ɠ(Υ, 𝓇)), 
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4-Table of Selected Yang transformation [13]: 

The Yang Transformation was shown in the table below for the following functions: 

ID function 𝛽(𝜏) 𝛶(𝛽(𝜏)) 

1 1 𝜕 

2 𝜇 𝜕2 

3 𝜇𝜂 𝜂!. 𝜕𝜂+1 

4 𝑒𝜌𝜇 𝜕

1 − 𝜕𝜌
 

5 sin 𝜌𝜇 𝜌𝜕2

1 + 𝜌2𝜕2
 

6 cos 𝜌𝜇 𝜕

1 + 𝜌2𝜕2
 

7 sinh 𝜌𝜇 𝜌𝜕2

1 − 𝜌2𝜕2
 

8 cosh 𝜌𝜇 𝜕

1 + 𝜌2𝜕2
 

 

- 5 Yang Transformation 

In this section, Yang transformation is used to derive solution formulas: 

Formula (4.1): 

Consider the following equation for homogeneous Transport equation: - 

                                ᶅ𝓇 + ɲ ᶅΥ = 0,                                (4.1) under the conditions 

 ᶅ (Υ, 0) = 𝓆(Υ),    

                                  ᶅ (0, 𝓇) = ᶅ (1, 𝓇) = 0. 

and ɲ is constant.  

By taking Yang transformation to both sides:  

T(Υ,α)

α
−  ᶅ(Υ, 0) + ɲ 

d

dΥ
T(Υ, α) = 0,   

After applying the initial conditions: 

d

dΥ
T(Υ, α) +

1

αɲ
T(Υ, α) =

1

ɲ
 𝓆(Υ),   .                                                                      (4.2)  

 The above equation (4.2) is an ordinary linear differential equation and has a solution. 

 T(Υ, α)e 
1

ɲα
Υ

=
1

ɲ
 ∫ 𝓆(

 

 
Υ)  . e

1

ɲα
𝓇
d𝓇 

T(Υ, α) =
1

ɲ
e 

−1

ɲα
Υ

   ∫ 𝓆(Υ)
 

 
 . e

1

ɲα
𝓇
d𝓇,                                               

Thus, the solution for (4. 1), by taking the inverse of Yang transformation. 

Ƚ(Υ, 𝓇) = 𝛶ᶅ
−1 [

1

ɲ
e 

−1
ɲα

Υ
∫𝓆(Υ) e

1
ɲα

𝓇
 d𝓇 ] .                                                    (4.3) 
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Formula (4.2): 

  Consider the following equations for non-homogeneous Transport equation:- 

                                        ᶅ𝓇 + ɲ ᶅΥ =  Ɠ(Υ, 𝓇),                                                      (4.4)  

under the conditions ᶅ (Υ, 0) = 𝓆(Υ),    

                                  ᶅ (0, 𝓇) = ᶅ (1, 𝓇) = 0. 

and ɲ is constant.  

By taking Yang transformation to both sides: 
T(Υ,α)

α
−  ᶅ(Υ, 0) + ɲ 

d

dΥ
T(Υ, α) = 𝛶ᶅ(Ɠ(Υ, 𝓇)),  

After substituting the initial conditions: - 

d

dΥ
T(Υ, α) +

1

αɲ
T(Υ, α) =

1

ɲ
𝛶ᶅ(Ɠ(Υ, 𝓇)) +

1

ɲ
 𝓆(Υ).                                         (4.5)  The above equation (4. 5) is 

an ordinary linear differential equation and has a solution. 

T(Υ, α)e 
−1

ɲα
Υ

=
1

ɲ
∫  [𝛶ᶅ(Ɠ(Υ, 𝓇)) +  𝓆(Υ)] e

1

ɲα
𝓇
 d𝓇, 

T(Υ, α) =
1

ɲ
e 

−1

ɲα
Υ

   ∫ {𝛶ᶅ(Ɠ(Υ, 𝓇)) + 𝓆(Υ}
 

 
 . e

1

ɲα
𝓇
 d𝓇 ,                   

we get the general solution of equation (4.5), by taking the inverse of Yang transformation. 

 T(Υ, α) = 𝛶ᶅ
−1 [

1

ɲ
e 

−1

ɲα
Υ
 ∫ 𝛶ᶅ(Ɠ(Υ, 𝓇)). e

1

ɲα
𝓇
 d𝓇 +

1

ɲ
e

1

ɲα
𝓇

∫𝓆(Υ) e
1

ɲα
𝓇
 d𝓇 ] 

 

Formula (4.3):  

Consider Poisson equation is: - 

                              ᶅ𝓇𝓇(Υ, 𝓇) + ᶅΥΥ(Υ, 𝓇)=  Ɠ(Υ, 𝓇),                                    (4.6) 

soᶅ (Υ,0) = 𝓆(Υ),  ᶅ𝓇(Υ,0) = ɧ(Υ),  

and boundary conditions     ᶅ (0, 𝓇) = ᶅ (1, 𝓇) = 0.  

By taking Yang transformation to both sides: 

 

T(Υ,α)

α2 −
1

α
ᶅ (α, 0) − ᶅ𝓇  (α, 0) + 

d2

dΥ2 T(Υ, α) = 𝛶ᶅ(Ɠ(Υ, 𝓇)),  

After substituting the initial conditions: 

d2

dΥ2 T(Υ, α) +
T(Υ,α)

α2 = 𝛶ᶅ(Ɠ(Υ, 𝓇)) +
1

α
𝓆(Υ) + ɧ(Υ).                                      (4.7)  

The above equation (4.7) is an ordinary linear differential equation which has a complementary solution. 

T𝒞  (Υ, α)= þ1cos ( 
1

α
 )  Υ + þ2 sin( 

1

α
 )  Υ. 

where þ1 and þ2 are an arbitrary constant. 

Using variation of parameters, then particular solution is: 

 T𝒫(Υ, α) = þ1(Υ)cos ( 
1

α
 )  Υ +þ2 (Υ) sin( 

1

α
 )  Υ.                 

Since  𝛶ᶅ(Ɠ(Υ, 𝓇)) +
1

α
𝓆(Υ) + ɧ(Υ) 

  þ1́(Υ) cos ( 
1

α
 ) Υ + þ2

́ (Υ) sin (  
1

α
 ) Υ = 0,                                                      

 

−  
1

α
þ1́(Υ)sin ( 

1

α
 ) Υ + 

1

α
þ2
́ (Υ) cos ( 

1

α
 ) Υ = 𝛶ᶅ(Ɠ(Υ, 𝓇)) +

1

α
𝓆(Υ) + ɧ(Υ), 
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Where: 

∇ =|
cos ( 

1

α
 ) Υ sin ( 

1

α
 ) Υ

−
1

α
sin ( 

1

α
 ) Υ 

1

α
cos ( 

1

α
 ) Υ

| =   
1

α
 . 

þ1́(Υ) =
1

∇
|

0 sin ( 
1

α
 ) Υ

𝛶ᶅ(Ɠ(Υ, 𝓇)) +
1

α
𝓆(Υ) + ɧ(Υ)

1

α
cos ( 

1

α
 ) Υ

|  

 

           =
−[𝛶ᶅ(Ɠ(Υ,𝓇))+

1

α
𝓆(Υ)+ɧ(Υ)](sin( 

1

α
 ))Υ

1

α

 , 

then 

þ1(Υ) = − α ∫𝛶ᶅ(Ɠ(Υ, 𝓇)) +
1

α
𝓆(Υ) + ɧ(Υ)](sin ( 

1

α
 )) Υ d Υ. 

In the same way: 

þ2
́ (Υ) =

(𝛶ᶅ(Ɠ(Υ,𝓇))+
1

α
𝓆(Υ)+ɧ(Υ)) cos( 

1

α
)Υ

 
1

α

 , 

þ2(Υ) = α ∫ ((𝛶ᶅ(Ɠ(Υ, 𝓇)) +
1

α
𝓆(Υ) + ɧ(Υ)) cos ( 

1

α
) Υ)   𝑑Υ . 

Equation (4.7)  yields the general solution: 

𝑇(Υ, α) = [þ1cos ( 
1

α
) Υ + þ2 sin ( 

1

α
 ) Υ]+ 

                  [(− α ∫ (𝛶ᶅ(Ɠ(Υ, 𝓇)) +
1

α
𝓆(Υ) + ɧ(Υ)) sin ( 

1

α
) Υ 𝑑Υ) cos ( 

1

α
) Υ +

                   (α ∫ ((𝛶ᶅ(Ɠ(Υ, 𝓇)) + 𝓆(Υ) + ɧ(Υ))) cos ( 
1

α
) Υ 𝑑Υ) sin (

1

α
 ) Υ] , 

utilizing the boundary conditions, yields: 

þ1 = þ2 = 0 

𝑇(Υ, α) =  

[
 
 
 

[
(−α ∫ (𝛶ᶅ(Ɠ(Υ, 𝓇)) + 𝓆(Υ) + ɧ(Υ)) sin ( 

1

α
) Υ 𝑑Υ) cos ( 

1

α
)Υ +

              (α ∫ ((𝛶ᶅ(Ɠ(Υ, 𝓇)) +
1

α
𝓆(Υ) + ɧ(Υ))) cos ( 

1

α
) Υ 𝑑Υ) sin (

1

α
 ) Υ

]

]
 
 
 

,  

from (4.6), by taking the inverse of Yang transformation. 

Ƚ(x, μ) = 𝛶ᶅ
−1 [(−α∫((Ɠ(Υ, 𝓇)) +

1

α
𝓆(Υ) + ɧ(Υ)) sin ( 

1

α
) Υ 𝑑Υ)

+     (α ∫ (𝛶ᶅ(Ɠ(Υ, 𝓇)) +
1

α
𝓆(Υ)

+ ɧ(Υ)) cos ( 
1

α
) Υ 𝑑Υ) sin ( 

1

α
) Υ].                                  (4.8) 

Example (5.1):   

To solve the homogeneous transport equation:- 

      μΥ + 3 μ𝓇 = 0                                                                                             (5.1)  

  under the  conditions   ᶅ(Υ, 0) =𝑒Υ and  ᶅ(0, 𝓇)=ᶅ(1, 𝓇)=0. 
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sol: 

Using the equation (4.3) with the for formula (4.1)  

 ᶅ(Υ, 𝓇) = 𝛶ᶅ
−1 [

1

ɲ
e

−1

ɲα
Υ
∫𝓆(Υ) e

1

ɲα
𝓇
 d𝓇 ] 

substitute the give function:- 

             = 𝛶ᶅ
−1 [3e 

−3

α
𝓇

∫ 𝑒Υ . e
3

α
 𝓇  d𝓇 ] 

           = 𝛶ᶅ
−1 [3e

−3

α
𝓇

∫𝑒
(1+

3

α
)𝓇  d𝓇 ] 

After simplified and integration: 

            = 𝛶ᶅ
−1 [

3α

3+α
 𝑒𝓇] 

          = 𝑒𝓇𝛶ᶅ
−1 [

α

1+
α

3

 ]    

ᶅ(Υ, 𝓇) = T(Υ, 𝓇) = 𝑒𝓇e
−1

3
𝓇

. 

 

Example (5.2):  

 To solve the non- homogeneous transport equation: -  

             2 μΥ + μ𝓇 = 6                                                                                              (5.2)  

  under the  conditions  ᶅ(Υ, 0) =𝑒2Υ and  ᶅ(0, 𝓇) = ᶅ(1, 𝓇)=0  

 sol: 

 Using the equation (4.6) with the for formula (4.2)  

ᶅ(Υ, 𝓇) = 𝛶ᶅ
−1 [

1

ɲ
e

−1
ɲα

Υ
 ∫𝛶ᶅƓ(Υ, 𝓇). e

1
ɲα

𝓇
d𝓇 +

1

ɲ
e

−1
ɲα

Υ
∫𝓆(Υ) . e

1
ɲα

𝓇
 d𝓇 ] 

substitute the give function: - 

             = 𝛶ᶅ
−1 [ 

1

2
e

−1

2α
𝓇  ∫ 6α2. e

1

2α
𝓇dr +

1

2
e

−1

2α
𝓇  ∫ 𝑒2Υ. e

1

2α
𝓇d𝓇   ] 

After, simplified and integration: 

            = 𝛶ᶅ
−1 [6α2 +

1

2
e

−1

2α
𝓇 .

1

(2+
1

2α
)
𝑒

(2+
1

2α
)𝓇  ] 

           = 𝛶ᶅ
−1 [6α2 +

α

1+4α
 𝑒2𝓇] 

           = 6𝛶ᶅ
−1[α2] + 𝑒2𝓇𝛶ᶅ

−1 [
α

1+4α
] 

 ᶅ(Υ, 𝓇) = 6t + 𝑒2𝓇𝑒−4𝑡 . 

Which represent the particular solution of equation (5.2). 

 

 

DELL
Typewritten text
633



ALibrahimi / Science Forum (Journal of Pure and Applied Sciences) 26 (2026) 

    
 

Example (5.3): 

To solve the Poisson equation  

 ᶅ𝓇𝓇(Υ, 𝓇)+ᶅΥΥ(Υ, 𝓇)=𝑒𝓇                                                                        (5.3)                                                                                                                                                      

  under the  conditions ᶅ(Υ, 0)=0,  ᶅ𝓇(Υ, 0)= 1, 

                               and ᶅ(0, 𝓇)= ᶅ(1, 𝓇)=0, 

sol 

ᶅ(Υ, 𝓇) = 𝛶ᶅ
−1 [

1

ɲ
e

−1
ɲα

Υ
 ∫𝛶ᶅƓ(Υ, 𝓇). e

1
ɲα

𝓇
d𝓇 +

1

ɲ
e

−1
ɲα

Υ
∫𝓆(Υ) . e

1
ɲα

𝓇
 d𝓇 ] 

Using the equation (4.8) with the for formula( 4.3) 
 

T(Υ, 𝓇) = 𝛶ᶅ
−1( (− α∫ ((𝛶ᶅ(Ɠ(Υ, 𝓇)) +

1

α
𝓆(Υ) +    ɧ(Υ))) sin ( 

1

α
) Υ dΥ) cos ( 

1

α
) Υ

         + ( α ∫ ((𝛶ᶅ(Ɠ(Υ, 𝓇)) +   𝓆(Υ) +  ɧ(Υ))) cos ( 
1

α
) Υ dΥ) sin ( 

1

α
) Υ  )

 

Substituting the given function, yield: 

               =   𝛶ᶅ
−1 [(− α∫(

α

1 − α
+ 1) sin ( 

1

α
) Υ 𝑑Υ) cos ( 

1

α
) Υ

+    ( α∫ (
α

1 − α
+ 1) cos ( 

1

α
) Υ 𝑑Υ) sin ( 

1

α
) Υ] 

              = 𝛶ᶅ
−1 [((

−α

1−α
) ∫ sin ( 

1

α
) Υ dΥ) cos ( 

1

α
)Υ + ((

α

1−α
) ∫ cos ( 

1

α
)Υ dΥ) sin ( 

1

α
) Υ]  

After, simplified and integration: 

            =𝛶ᶅ
−1 [ 

α

1−α
cos2 ( 

1

α
) Υ +

α

1−α
sin2 ( 

1

α
) Υ] 

   =𝛶ᶅ
−1 [ 

α

1−α
] 

 ᶅ(Υ, 𝓇) = T(Υ, 𝓇) = 𝑒𝑡 . 

Which represent the particular solution of equation (5.3). 

 

6- Conclusion 

The Yang transform was employed to solve 

the transport and  Poisson equations and to 

derive general formulas for them, future work 

will involve using the transform to solve 

certain systems with variable coefficients. 
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	6- Conclusion


  𝓆 ( 𝜏 )


  𝓆  ( 𝜏 ) ,


  𝜏 > 0


    𝛶 ᶅ  ( 𝓆  ( 𝜏 ) )


    𝜏


  𝜐 )


    ∫ 0 ∞   e    − 𝜏  𝜐   𝓆  ( 𝜏 ) dt       ,   t   >   0                                                               ( 2 . 1 )              


 


  𝜐


  𝜐 ∈


  𝜏


    𝜏


    − 𝜏  𝜐 = 𝜇


    𝛶 ᶅ  ( 𝓆  ( 𝜏 ) )


    𝜏


  𝜐 )


  𝜐   ∫ 0 ∞    e  − 𝜇   𝓆


  𝜐 𝜇 )   d 𝜇


  𝜇  


    𝜔 1 ( δ )


      𝜔 2 ( δ )


      𝜔  n ( δ )


    𝛶 ᶅ  (   𝛽 1     𝜔 1 ( δ ) +   𝛽 2   𝜔 2 ( δ ) + … +   𝛽  n     𝜔  n ( δ )   )


    𝛽 1   𝛶 ᶅ  (   𝜔 1 ( δ ) ) +


    𝛽 2     𝛶 ᶅ  (   𝜔 2 ( δ ) )


    𝛽  n     𝛶 ᶅ  (   𝜔  n ( δ )   )


    𝛽 1 ,


      𝛽 2 ,


      𝛽  n


      𝜔 1 ( δ )


      𝜔 2 ( δ )


      𝜔  n ( δ )  


    ᶅ  ( Υ , α )


    α > 0


    Υ ∈  [ σ , ρ ] .


   ( i )   𝛶 ᶅ  (   𝜕 ᶅ  𝜕 α   ) =  1 α ϑ −   ᶅ  ( Υ , 0 ) ,


  ϑ = ϑ ( Υ , ε )


      𝛶 ᶅ   { ᶅ  ( Υ , α ) }


      𝛶 ᶅ  (   𝜕 ᶅ  𝜕 α   ) =   𝜕 ϑ  𝜕 α


      T  ( Υ , α )   α 2 −  1 α ᶅ    ( α , 0 ) −  ᶅ  𝓇    ( α , 0 ) +      d 2  d  Υ 2 T  ( Υ , α ) =   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) ,


    𝛽 ( 𝜏 )


  𝛶 ( 𝛽  ( 𝜏 ) )


  1


  𝜕


  𝜇


    𝜕 2


    𝜇  𝜂


  𝜂 ! .   𝜕  𝜂 + 1


    e  𝜌 𝜇


    𝜕  1 − 𝜕 𝜌


   sin ⁡  𝜌 𝜇


    𝜌   𝜕 2  1 +   𝜌 2   𝜕 2


   cos ⁡  𝜌 𝜇


    𝜕  1 +   𝜌 2   𝜕 2


   sinh ⁡  𝜌 𝜇


    𝜌   𝜕 2  1 −   𝜌 2   𝜕 2


   cosh ⁡  𝜌 𝜇


    𝜕  1 +   𝜌 2   𝜕 2


                                                                    ᶅ  𝓇 + ɲ     ᶅ Υ = 0 ,                                                                  ( 4 . 1 )


  ᶅ


  Υ


  Υ )


  ᶅ


    𝓇


  ᶅ


    𝓇


    T  ( Υ , α ) α −   ᶅ  ( Υ , 0 ) + ɲ    d  d Υ T  ( Υ , α ) = 0 ,


   d  d Υ T  ( Υ , α ) +  1  α ɲ T  ( Υ , α ) =  1 ɲ   𝓆 ( Υ ) ,       .                                                                                                                                              ( 4 . 2 )


  T  ( Υ , α )   e     1  ɲ α Υ =  1 ɲ    ⁡    ∫      𝓆 ( Υ )     .  e   1  ɲ α 𝓇 d 𝓇


  T  ( Υ , α ) =  1 ɲ   e      − 1  ɲ α Υ


     ⁡    ∫      𝓆 ( Υ )   .  e   1  ɲ α 𝓇 d 𝓇 ,


  Ƚ  ( Υ , 𝓇 ) =     𝛶 ᶅ  − 1  [  1 ɲ   e      − 1  ɲ α Υ  ∫  𝓆 ( Υ )    e   1  ɲ α 𝓇   d 𝓇   ] .                                                                                                          ( 4 . 3 )


                                                                                    ᶅ  𝓇 + ɲ     ᶅ Υ =   Ɠ  ( Υ , 𝓇 ) ,                                                                                                              ( 4 . 4 )


  ᶅ


  Υ


  Υ )


  ᶅ


    𝓇


  ᶅ


    𝓇


    T  ( Υ , α ) α −   ᶅ  ( Υ , 0 ) + ɲ    d  d Υ T  ( Υ , α ) =   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) ,


   d  d Υ T  ( Υ , α ) +  1  α ɲ T  ( Υ , α ) =  1 ɲ   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 ɲ   𝓆 ( Υ ) .                                                                                    ( 4 . 5 )


  T  ( Υ , α )   e      − 1  ɲ α Υ =  1 ɲ  ∫   [   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +   𝓆 ( Υ ) ]    e   1  ɲ α 𝓇   d 𝓇


  T  ( Υ , α ) =  1 ɲ   e      − 1  ɲ α Υ


     ⁡    ∫      {   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) + 𝓆 ( Υ }   .  e   1  ɲ α 𝓇   d 𝓇


  T  ( Υ , α ) =     𝛶 ᶅ  − 1  [  1 ɲ   e      − 1  ɲ α Υ    ∫    𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) .  e   1  ɲ α 𝓇   d 𝓇   +  1 ɲ  e   1  ɲ α 𝓇  ∫  𝓆 ( Υ )    e   1  ɲ α 𝓇   d 𝓇   ]


   


   ᶅ  𝓇 𝓇  ( Υ , 𝓇 )  


   ᶅ  Υ Υ  ( Υ , 𝓇 )


  Ɠ  ( Υ , 𝓇 ) ,


  ᶅ


  Υ


    𝓆 ( Υ )


   ᶅ  𝓇


  Υ


  Υ


  ᶅ


    𝓇


  ᶅ


    𝓇


    T  ( Υ , α )   α 2 −  1 α ᶅ    ( α , 0 ) −  ᶅ  𝓇    ( α , 0 ) +      d 2  d  Υ 2 T  ( Υ , α ) =   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) ,


     d 2  d  Υ 2 T  ( Υ , α ) +   T  ( Υ , α )   α 2 =   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) .                                                                              ( 4 . 7 )


   T  𝒞


   ( Υ , α )


   þ 1


   (    1 α   )   Υ


   þ 2


   (    1 α   )   Υ


     þ 1


     þ 2


   T  𝒫  ( Υ , α ) =


   þ 1 ( Υ )


   (    1 α   )   Υ


   þ 2


  ( Υ )


   (    1 α   )   Υ


    𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ )


     þ 1 ´  ( Υ )  cos ⁡   (    1 α   ) Υ +      þ 2 ´  ( Υ )  sin ⁡   (      1 α   ) Υ = 0 ,                                                                                                      


  −        1 α    þ 1 ´  ( Υ ) sin ⁡   (    1 α   ) Υ +    1 α    þ 2 ´  ( Υ )  cos ⁡   (    1 α   ) Υ =   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) ,  


  ∇


   |     cos ⁡   (    1 α   ) Υ   sin ⁡   (    1 α   ) Υ   −  1 α  sin ⁡   (    1 α   ) Υ     1 α  cos ⁡   (    1 α   ) Υ | =      1 α   .


     þ 1 ´  ( Υ ) =  1 ∇  |    0   sin ⁡   (    1 α   ) Υ     𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ )   1 α  cos ⁡   (    1 α   ) Υ |


                        =   − [   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) ] (  sin ⁡   (    1 α   ) ) Υ   1 α


   þ 1  ( Υ ) = −   α  ∫    𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) ] (  sin ⁡   (    1 α   ) ) Υ


    Υ


     þ 2 ´  ( Υ ) =    (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) )  cos ⁡   (    1 α ) Υ     1 α


   þ 2  ( Υ ) = α    ∫   (  (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) )  cos ⁡   (    1 α ) Υ )     d Υ


  T  ( Υ , α ) =  [  þ 1 cos    (    1 α ) Υ +  þ 2   sin  (    1 α   ) Υ ]


                                       [  ( −   α  ∫   (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) )    sin ⁡   (    1 α ) Υ   d Υ )  cos ⁡   (    1 α ) Υ +                                        ( α  ∫   (  (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) + 𝓆 ( Υ ) + ɧ ( Υ ) ) )  cos ⁡   (    1 α ) Υ   d Υ )  sin ⁡   (  1 α   ) Υ ]


   þ 1 =  þ 2 = 0


  T  ( Υ , α ) =    [  [     ( − α    ∫   (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) + 𝓆  ( Υ ) + ɧ  ( Υ ) )    sin ⁡   (    1 α ) Υ   d Υ )  cos ⁡   (    1 α ) Υ +                                ( α  ∫   (  (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) ) )  cos ⁡   (    1 α ) Υ   d Υ )  sin ⁡   (  1 α   ) Υ ] ] ,


  Ƚ  ( x , μ ) =     𝛶 ᶅ  − 1  [  ( − α  ∫   (  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) )    sin ⁡   (    1 α ) Υ   d Υ ) +            ( α    ∫   (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆 ( Υ ) + ɧ ( Υ ) )  cos ⁡   (    1 α ) Υ   d Υ )  sin ⁡   (    1 α ) Υ ] .                                                                      ( 4 . 8 )


                μ Υ + 3    μ  𝓇 = 0                                                                                                                                                                                           ( 5 . 1 )


  under   the    


  ᶅ  ( Υ , 0 )  


    e Υ


  ᶅ  ( 0 , 𝓇 )


  ᶅ  ( 1 , 𝓇 )


  ᶅ  ( Υ , 𝓇 ) =     𝛶 ᶅ  − 1  [  1 ɲ  e    − 1  ɲ α Υ  ∫  𝓆 ( Υ )    e   1  ɲ α 𝓇   d 𝓇   ]


                          =     𝛶 ᶅ  − 1  [ 3   e      − 3 α 𝓇  ∫    e Υ     . e   3 α   𝓇   d 𝓇   ]


  =     𝛶 ᶅ  − 1  [ 3  e    − 3 α 𝓇  ∫    e   ( 1 +  3 α ) 𝓇   d 𝓇   ]


                        =     𝛶 ᶅ  − 1  [   3 α  3 + α     e  𝓇 ]


                    =   e  𝓇     𝛶 ᶅ  − 1  [  α  1 +  α 3   ]


  ᶅ  ( Υ , 𝓇 ) = T  ( Υ , 𝓇 ) =   e  𝓇  e    − 1 3 𝓇


                              2   μ Υ +    μ  𝓇 = 6                                                                                                                                                                                             ( 5 . 2 )


  under   the    


  ᶅ  ( Υ , 0 )  


    e  2 Υ


  ᶅ  ( 0 , 𝓇 )  


    ᶅ  ( 1 , 𝓇 )


   


   


  ᶅ  ( Υ , 𝓇 ) =     𝛶 ᶅ  − 1  [  1 ɲ  e    − 1  ɲ α Υ    ∫    𝛶 ᶅ Ɠ  ( Υ , 𝓇 ) .  e   1  ɲ α 𝓇 d 𝓇 +  1 ɲ  e    − 1  ɲ α Υ  ∫  𝓆 ( Υ )     . e   1  ɲ α 𝓇   d 𝓇   ]


                          =     𝛶 ᶅ  − 1  [    1 2  e    − 1  2 α 𝓇    ∫  6  α 2 .  e   1  2 α 𝓇 dr +  1 2  e    − 1  2 α 𝓇    ∫    e  2 Υ .  e   1  2 α 𝓇 d 𝓇       ]


                        =     𝛶 ᶅ  − 1  [ 6  α 2 +  1 2  e    − 1  2 α 𝓇 .    1   ( 2 +  1  2 α )   e   ( 2 +  1  2 α ) 𝓇   ]


                      =     𝛶 ᶅ  − 1  [ 6  α 2 +  α  1 + 4 α     e  2 𝓇 ]


                      = 6     𝛶 ᶅ  − 1  [  α 2 ] +   e  2 𝓇     𝛶 ᶅ  − 1  [  α  1 + 4 α ]


  ᶅ  ( Υ , 𝓇 ) = 6 t +   e  2 𝓇   e  − 4 t .


   


      ᶅ  𝓇 𝓇  ( Υ , 𝓇 )


   ᶅ  Υ Υ  ( Υ , 𝓇 )


    e  𝓇


  under   the    


  ᶅ  ( Υ , 0 )


      ᶅ  𝓇  ( Υ , 0 )


  ᶅ  ( 0 , 𝓇 )


    ᶅ  ( 1 , 𝓇 )


  ᶅ  ( Υ , 𝓇 ) =     𝛶 ᶅ  − 1  [  1 ɲ  e    − 1  ɲ α Υ    ∫    𝛶 ᶅ Ɠ  ( Υ , 𝓇 ) .  e   1  ɲ α 𝓇 d 𝓇 +  1 ɲ  e    − 1  ɲ α Υ  ∫  𝓆 ( Υ )     . e   1  ɲ α 𝓇   d 𝓇   ]


         T  ( Υ , 𝓇 ) =     𝛶 ᶅ  − 1  (    ( −   α  ∫   (  (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +  1 α 𝓆  ( Υ ) +       ɧ  ( Υ ) ) )    sin ⁡   (    1 α ) Υ   d Υ )  cos ⁡   (    1 α ) Υ                     +  (   α  ∫   (  (   𝛶 ᶅ  ( Ɠ  ( Υ , 𝓇 ) ) +     𝓆 ( Υ ) +   ɧ ( Υ ) ) )  cos ⁡   (    1 α ) Υ   d Υ )  sin ⁡   (    1 α ) Υ      )


                                =         𝛶 ᶅ  − 1  [  ( −   α  ∫   (  α  1 − α + 1 )  sin ⁡   (    1 α ) Υ   d Υ )  cos ⁡   (    1 α ) Υ +          (   α  ∫   (  α  1 − α + 1 )  cos ⁡   (    1 α ) Υ   d Υ )  sin ⁡   (    1 α ) Υ ]


                                  = 𝛶 ᶅ  − 1  [  (  (   − α  1 − α )  ∫   sin ⁡   (    1 α ) Υ   d Υ )  cos ⁡   (    1 α ) Υ +  (  (  α  1 − α )    ∫   cos ⁡   (    1 α ) Υ   d Υ )  sin ⁡   (    1 α ) Υ ]


      𝛶 ᶅ  − 1  [    α  1 − α      cos 2 ⁡   (    1 α ) ⁡ Υ +  α  1 − α      sin 2 ⁡   (    1 α ) ⁡ Υ ]


      𝛶 ᶅ  − 1  [    α  1 − α ]


  ᶅ  ( Υ , 𝓇 ) = T  ( Υ , 𝓇 ) =   e  t .


   [ 1 ]


   [ 2 ]

